Mathematica 11.3 Integration Test Results

Test results for the 113 problemsin "4.1.11 (e x)"m (a+b x"n) p
sin.m"

Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Result (type 4, 641 leaves):
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Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 299 leaves, 21 steps):
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Problem 57: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 273 leaves, 14 steps):
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Problem 58: Result unnecessarily involves imaginary or complex numbers.
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Problem 59: Result unnecessarily involves imaginary or complex numbers.
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V_a CosIntegr‘al[% +dx] sin[c- %]

Cos[c+dx]
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Problem 60: Result unnecessarily involves imaginary or complex numbers.
Jx Sin[c +dx]
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Optimal (type 4, 177 leaves, 8 steps):
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Problem 61: Result unnecessarily involves imaginary or complex numbers.
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Problem 62: Result unnecessarily involves imaginary or complex numbers.
Sin[c +dx]
Ji dx
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Optimal (type 4, 197 leaves, 13 steps):
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Problem 63: Result unnecessarily involves imaginary or complex numbers.
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Problem 64: Result unnecessarily involves imaginary or complex numbers.

Sin[c +dx]
Jidlx

x3 (a+bx2)

Optimal (type 4, 270 leaves, 18 steps):
dCos[c+dx] bcCosIntegral[dx] Sin[c] d?CosIntegral[dx] Sin[c]

+

2ax a? 2a
bCosIntegral[@ +dx] sinfc- @] bCosIntegr‘al[@ ~dx] sin[c+ @]
I w I o
2 a2 2 a?

Sin[c+dx] bCos[c] SinIntegral[dx] d?Cos[c] SinIntegral|dx]

2 a x? a2 2a

b Cos [c + @] SinIntegral [ Jad g X] b Cos [c - @} SinIntegral [ Jad g x}
Vb Vb Vb Vb

N
2 a2 2 a2

Result (type 4, 247 leaves):

1
2a%x?
2) 2 . 2 iva
adxCos[c+dx] + <2b+ad ) x“ CosIntegral[d x] Sin[c] -bx CosIntegr‘al[d + X ]
Vb

ivad
Vb

iva

- + X

Vb

iva d
Vb

Sin[c— ] -bx? CosIntegr‘al[d ] Sin[c+ } +aSin[c+dx] +

iva d
Vb

2bx?Cos[c] SinIntegral[dx] +ad?x?Cos[c] SinIntegral[dx] - bx*Cos|c -

]

iva
b

i d i d
iVa | sinIntegral| iVa
Vb Vb

SinIntegral|d [ +x)] +bx?Cos|c+ -dx]

Problem 65: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ Sin[c+dx]

(a+bx2>2

Optimal (type 4, 450 leaves, 24 steps):
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adCos|c+ @} CosIntegr‘al[% -dx]

Cos[c+dx] NCY
b2 d 4b3
547 Costntegral [ 24 3 CosIntegral [ 129 infc_ ae
adCos|c = | CosIntegral] = +dx]73\/ a CosIntegral| = +dx] sin[c e ]+
4 b3 4 b5/2
~/ V-ad ; V-ad
3+vV-a CosIntegral[ o —dx] Sln[c+ N ] xSin[c+dx] x3Sin[c+dx]
N _ _
4 b5/2 2 b? 2b (a+bx?)
3+/-a Cos[c+%} SinIntegr‘al[%—dx] ) adSin{c+%] SinIntegral[%—dx] )
4b>/2 4b?
3+/-a Cos[c- Y29] sinintegral| Y24 .4 dsin[c- Y29¢] sinIntegral[ Y29 . d
a Cos|c \/F} 1nnegr‘a[\/F + x]+a infc ﬁ] 1nnegr‘a[ﬁ +dx]
46572 43

Result (type 4, 632 leaves):
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o
4b>d (a+bx?)

4abCos[c+dx] +4b*x*Cos[c+dx] ++/a d (a+bx?) CosIntegral|d +X

Sl o
NN

(\/?dCOS[Cj\/;d]JrBJiWSin[cj\/;d]]Jr\Hd(aHsz)
Vb Vb
CosIntegral [d [jﬁ” ] [Va dcos[c+ j\/;d} 731\/F51n{c+jﬁd] .

iva d
2abdxSinfc+dx] +311a3/2\/FdCos[c—£

)

|+

i+va
| sinIntegral|d ( +x)
Vb

ivad
Vb

iva
Vb

3i\/?b3/2dx2Cos[c— +x|] -

| sinIntegral|d [

ivad
Vb

ivad
Vb

31‘1a3/2WdCos[c+

a’d?sinfc - | sinIntegralld ( =

Vb

abd?x?sin|c- | sinIntegral|d

:

i

i d
iVa | sinIntegral|
Vb Vb

i d i d

iVa | sinIntegral| iVa
Vb Vb

i d i d

iVa | sinIntegral| iVa -
Vb Vb

i d i d

iVa | sinIntegral| iVa
Vb Vb

3i\/;b3/2dx2Cos[c+

a’d*sin|c+ dx

—
+

abd*x*Sin[c+

-dx|

Problem 66: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3 Sin[c+dx]

(a+bx2>2

Optimal (type 4, 431 leaves, 20 steps):
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\/-a dCos|c+ @] CosIntegr‘al[% -dx]

b

4b5/2
Nery 4] costntegral [ L2d Intearal | L-2d inlc_ ad
a dCos|c = | CosIntegral| = +dx}+Cosnegr‘a [ = +dx] sin[c e }+
4b5/2 2 b2
V-ad ; V-ad
CosIntegral[ . —dx} Sln[c+ = } Sinfc+dx] x2Sin[c+dx]
. _ _
2 b? 2b? 2b (a+bx?)
Cos|[c+ %] SinIntegr‘al[%—dx] ) V-a dSin[c+ %] SinIntegr‘al[% - dx] )
2 b? 4b5/2
Cos [c - & | sinIntegral| & +dx] ) V-a dsin[c- fF | sinIntegral| f? +dx]
2 b? 4 b5/2

Result (type 4, 583 leaves):
.
4b°'% (a+bx?)

i\/?d] +2\/FSin[c—
Vb )

jﬁd]+2\/?$in[c+
Vb b
iva I+

b

(a+bx?) CosIntegral|d

—Ji\/?dCos[c—

”?MJ}

W

—j\/?+x
NCY

a+bx?) CosIntegral|d
(

Ji\/?dCOS[C-%—

]

i+va d
2a+/b Sin[c +dx] +2a\/FCos[c—£} SinIntegr‘al[d[ +X

Vb

ivad
Vb
ivad
Vb
ivad
Vb
iva d
Vb
iva d

iva
b

iva
Vb

iva
Vb

2b%2x? Cos[c - | sinIntegralld

o)

ia*2dsin|c- | sinIntegral|d +X

} +

iva bdx?Sin[c-

| sinIntegral|d

+ X

} _

1vVad
2aWCos[c+ iva

| sinIntegral| -dx]| -

<

ivad

2b%2x% Cos[c+ | sinIntegral| —dx]| +

<

Vb
' d i d
iva ] SinIntegr‘al[ ia
Vb

' d i d
iva ] SinIntegr‘al[ iva
Vb Vb

ja3/2dsin[c+ fdx}+

<

J'l\/?bdXZSin[CJr —dx}

| 15
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Problem 67: Result unnecessarily involves imaginary or complex numbers.

x2Sin[c+dx]
J— dx

(a+bx2>2

Optimal (type 4, 416 leaves, 17 steps):
dCos[c+ @} CosIntegral| Jad g x|
Vb Vb

+

4 b2
dCos|[c- @] CosIntegr‘al[@ +dx] CosIntegral[@ +dx] Sin[c - 24]
I I i I w
4 b? 4~/—a b3/2
CosIntegr‘al[%—dx} Sin[c+ ﬁd] xSinfc s dx]
4~/_a b32 2b (a+bx?)
Cos [c + @] SinIntegr‘al[@ -dx] dsSin[c+ @} SinIntegr‘al[@ -dx]
b b . b b .
4-/-a b32 4 b?
Cos [c - @] SinIntegr‘al[@ +d x] d Sin[c - @} SinIntegr‘al[@ +d x]
b Vb B b Vb
4-/—a b32 4 b?

Result (type 4, 583 leaves):
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1

4+/a b2 (a+bx?)

o) commagraafa [ || e aconfe- L] sanfe- Y20
3 Vo s
(2 bx2) Costntegral d [ 2 x| mcos[cfm]_msm[cﬂ?d]]_
2 Vo Vo
2+/a bxSin[c+dx] +iab Cos[c- i\/?d] SinIntegral|d [i\/?er ]+
Vb Vo
ib*2x% Cos|c - i d] SinIntegralld (j\/? +x]] _
Vb Vo
a3/2dSin[c—j\/;d]sinIntegr‘al[d j\ngX ]f\/?bdXZSin[cfj\/?d]
Vb NrY NS
SinIntegral|d j\g+x ] +ia+b Cos[c+ I'L\/?d}SinIn‘cegr‘al[j\Ed7dx] .
Ve Vb Vb
ib®2x?Cos|[c+ i\/?d] SinIntegr‘al{jl ~dx] +a¥2dsin|c+ i\/?d}
Vo g Vo
Sinlntegr‘al[j\/?d‘dx]+\/?bdXZSin{c+jﬁd]SinIntegr‘al[i\/?d—dx}
Ve Vo Vo

Problem 68: Result unnecessarily involves imaginary or complex numbers.

dx

stin[c+dx]

(a +b Xz) 2
Optimal (type 4, 239 leaves, 9steps):
d Cos [c + @} CosIntegral [ Jad g x}
Vb Vb

4+/-a b¥?
dCos|[c- @] CosIntegr‘al[@ +dx|
I I

Sin[c +dx]

4+/_a b3/ 72b(a+bx2) :
dsinfc+ @] SinIntegral[@ -dx] dsSin[c- @} SinIntegr‘al[@ +dx]
b b N b b
4+/-a b32 4~/-a b3

Result (type 4, 309 leaves):
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- ! i|d(a+bx?) Cos[c+jl d}CosIntegr‘al{d (—i\/;er |-
4+/a b¥? (a+bx?) Vb Vb
d(aerxz)Cos[c—jL d}CosIntegral[d{j\/?er ] -
/b /b
2i+a Vb Sin[c+dx] +adSin[c- jﬁd} SinIntegral|d [j\/?er ] +
7o /b
bdx?Sin|c- iﬁd]SinIntegral[d ].H/;+x | +adsin[c+ i\/?d}
/b /b /b
SinIntegr‘al[j\/?d—dx]+bdxzsin[c+j\/?d]sinlntegr‘al[i\/?d—dx}
Vb b b

Problem 69: Result unnecessarily involves imaginary or complex numbers.
Jsin[c+dx]

(a+bx2)2

dx

Optimal (type 4, 476 leaves, 18 steps):
d Cos [c + @] CosIntegral [ Jad g x]
Vb Vb

4ab

dCos|c - @] CosIntegr‘al[@ +dx| CosIntegr‘al{@ +dx] sinfc- @]
Vb Vb Vb Vb

+

4ab 4 (-a)32+/b _
[aa inlcs Y2d
CosIntegral| o -dx] sin[c+ - ] Sinfc+dx] Sinfc+dx]
_ + +
4 (-a)¥2\b 4a\/F(x/—a—\/Fx) 4a\/F(\/—a +\/Fx>
Cos [c + J-ad d] SinIntegr‘al[@ -dx] dSin[c+ @} SinIntegr‘al[@ -dx]
I b i i I .
4 (—a)S/ZW 4ab
Cos [c - J-ad 4] SinIntegr‘al[@ +dx] dSin|c- @} SinIntegral[@ +dx]
G G . Jo Jo
4 (_a)s/zﬁ 4ab

Result (type 4, 585leaves):
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1
4a32p (a+bx2)

- (a+bx?) CosIntegral|d jl\/?er ] |"/a dcos[c - j\/?d} *i\mSin[cfj\/?d] )
Vb Vb Jb
2 02) costntegran (o[- 2 o] [ Vo acos[e- D) sinfen 2
3 g b
2+a bxsin[c+dx] +ia+/b Cos|[c- j\/?d] SinIntegral|d [jﬁH( ]+
Vb Vb
i b3/2x? Cos|[c - ! d] SinIntegral|d [iﬁ +XJ] +
Vb Vb
a3/2dSin{c—i\/?d]sinlntegr‘al[d ]'l\/;+x ]Jﬂ/?bdxzsm{c_i\/?d]
Vb NrY NS
SinIntegral[d LI ] +iavb Cos[c+ j\/?d} SinIntegral[j\/?d —dx] +
Vb Vb Vb
jb3/2x2Cos[c+j\gd]sinlntegr‘al[j\/;d,dx]7as/zdSin[c+j\gd}
Vb g Vo
Si”I”tegr‘al[j\Ed*dx]*\/?bdXZSi”[C+j\/?d]SinIntegr'al[j\/;d—dx}
Vb Vb Vb

Problem 70: Result unnecessarily involves imaginary or complex numbers.

Sin[c +dx]
Jidlx

X <a+bx2)2

Optimal (type 4, 435leaves, 22 steps):

dCos|c+ @} CosIntegr‘al[@ -dx| dCos|c- @] CosIntegr‘al[@ +dx|
I G ) 5 IS .

4 (-a)*?+/b 4 (-a)32+/b
V-ad . _i/-ad
CosIntegral[dx] Sin[c] CosIntegral| v +dx] sin[c v ]
az 2a2
V-ad : J-ad
CosIntegr‘al[ Vb —dx} Sln[c+ NCY } Sin[c +dx] Cos[c] SinIntegral[d x]
+ + +
232 2a(a+bx?) a2
Cos [c + @] SinIntegr‘al[@ -dx] dSin[c+ @} SinIntegr‘al[@ -dx]
Vb Vb . Vb Vb -
2a2 4 (-a)32+/p
Cos [c - @] SinIntegr‘al[@ +d x] d Sin[c - @} SinIntegr‘al[@ +d x]
Vb Vb . Vb Vb
222 4 (-a)¥2/b

Result (type 4, 650 leaves):
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1

4a2+b (a+bx?)

4a+/b CosIntegral[dx] Sin[c] +4b3/2x2 CosIntegral[dx] Sin[c] -

i i d i d
i (a+bx*) CosIntegral|d [1\/;+x ] (\/?dCos[c— iva | -2i+/b sin[c- iva ]] +
Vb Vb Vb
] i d 1 d
i (a+bx?) CosIntegral|d I\E+XJ} \EdCos[c+l\/? ]+2]1\/FSin[c+l\g }]+
Vb Vb Vb
2a+/b Sin[c+dx] +4a+/b Cos[c] SinIntegral[dx] +
i d
4b*'2x? Cos[c] SinIntegral[dx] -2a+/b Cos|[c- = | sinIntegral[d \/?+x ] -
Vb Vb
. q .
2b3/2x2Cos[c—l\/; | sinIntegral|d 1\/?+x |+
Vb )
. p .
jag/zdsin[c—l\/? | sinIntegral|d Jl\/?er ]+
Vb Vb
. q .
Ji\/?bdxzsin[c—l\/? ]SinIntegr‘al[d l\Eer }+
Vb Vb
1 d 1 d
Za\/FCOS[C'Fl\/; }SinIntegr‘al[l\/? —dx] +
Vb Vb
i d | d
2b3/2x2Cos[c+1\/; ]SinIntegr‘al[]H/? —dx]| +
Vb Vo
i d i d
ia3/2dSin[c+1\/? ]SinIntegr‘al[l\/? ~dx]| +
Vb Vb
i d i d
J'l\/?bdXZSin[C+]l\/? ]SinIntegr‘al[l\/? —dx}

Vb Vb

Problem 71: Result unnecessarily involves imaginary or complex numbers.

dx

Jsin[c+dx1

x2 (a+bx2)2

Optimal (type 4, 501 leaves, 32 steps):
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dCos|c+ @] CosIntegral| % -dx]

d Cos[c] CosIntegral[dx] b

+ +
a2 4 a?
dCos|c- @] CosIntegr‘al[@ +dx] 3 \/FCosIntegr‘al[@ +dx] sin[c- @]
Vb Vb . Vb Vb ©
4a2 4 (7a)5/2
J-ad ; J-ad
BWCosIntegr‘al[ N —dx] Sln[c+ = ] Sin[c+dx]
- +
4 (—3)5/2 a2X
Wsin[c+dx] Wsin[c+dx] dSin[c] SinIntegral[d x]
- - +
432(\/*3*\/FX) 4a2(\/—a +\/Fx) a2

3+/b Cos|[c+ %] SinIntegr‘al[%—dx] dsin[c+ 24 SinIntegr‘al[% -dx]

g

+ +
4 (-a)°/? 4 32

3WCOS[C7%] SinIntegr‘al[%erx] dSin[c- *2 }SinIntegral[%+dx]

ap

4 (-a)°/? 432

Result (type 4, 768 leaves):
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1

42a%2x (a+bx?)

4+/a dx (a+bx?) Cos[c] CosIntegral(dx] +

iva d 14/ a
a3/2dxCos[c—]H/— | CosIntegral|d Jl\/_+x |+
Vb Vb
i+va d i+ a
\/?bdx3Cos[c—1\/— ]CosIntegral[d[lr+x ] -
Vb Vb
i+/a iva d
3ia+/b xCosIntegralld Jl\/—+x | sinfc - iva ] -
Vb Vb
1 | d
3 i b*2 x3 CosIntegral[d 1\/a—+x ]Sin[c—l\/? |+
Vb Vb
1 | d | d
x(a+bx2)CosIntegr‘al[d —l\g+x} \EdCos[c+l\/; ]+3]1\/FSin[c+l\E }J
Vb Vb Vb
43%2sin[c+dx] -6+a bx?Sin[c+dx] -4a*2dxSin[c] SinIntegral[dx] -
iva d i+ a
4+/a bdx*Sin[c] SinIntegral(dx] -3ia+/b xCos|[c - iva | sinIntegral[d {l\/—+x ] -
Vb Vb
. q .
3Jib3/2x3Cos[c—1\/? }SinIntegral[d(l\/?er ] -
Vb Vb
. p .
a3/2dein[c—l\/? | sinIntegral|d l\Eer |-
Vb Vb
i+va d 14/ a
\/?bdx3sin[cfl\/7 ]SinIntegr‘al[d[lrer ] -
Vb Vb
i+va d iva d
31anCos[c+1\/— }SinIntegr‘al[]l\/_ ~dx] -
Vb Vb
i d i d
3]'lb3/2X3COS[C+1\/; }SinIntegral[l\/; —dx]| +
Vb Vb
i d i d
a3/2dXSin[c+l\/? ]SinIntegr‘al[l\/? —dx] +
Vb Vb
i d 1 d
\Ebdx3sin[c+l\/; ]SinIntegr‘al[l\E —dx]
Vb Vb

Problem 72: Result unnecessarily involves imaginary or complex numbers.

x3Sin[c +dx]
J— dx

(a+bx2>3

Optimal (type 4, 476 leaves, 27 steps):
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3dCos|c+ @} CosIntegral| % - dx]

dxCos[c+dx] b b
_ N _
8b? (a+bx?) 16/ —a b5/2
3dCos|c- @} CosIntegr‘al[@ +dx] d? CosIntegr‘al[@ +dx] sinfc- @}
b Vb B Vb Vb -
16/ -a b°>/2 16 b3
2 V-ad i V-ad
d? CosIntegral | = ~dx] sin[c+ N ] K sinfcrdx]  Sin[c:dx]
- - +
16 b* 4b (a+bx?)> 4b> (a+bx?)
d? Cos[c + @} SinIntegr‘al[@ - dx] 3d Sin[c + @] SinIntegr‘al[@ -d x}
Vb Vb N Vb Vb .
16b3 16ﬁ/7a b5/2
d? Cos[c - @} SinIntegr‘al[@ + dx] 3d Sin[c - @] SinIntegr‘al[@ +d x}
Vb Vb N Vb Vb
16b3 16‘/78 b5/2

Result (type 4, 647 leaves):
2Cos[dx] (dx (a+bx?) Cos[c]+2 (a+2bx?)Sin[c])

1
16 b? (a+bx2)2 :
2 (-2 (a+2bx?) Cos[c] +dx (a+bx?) Sin[c]) Sin[dx] . leCos[c}
(a+bx2>2 b
7]1CosIntegr‘al[d [ iva + X ] Sinh[\gd} + jCosIntegr‘al[d iVa + X } Sinh[@] +
Vb Vb Vb Vb
Cosh[@} [SinIntegr‘al[d (j Va +x| | +SinIntegr‘al[jl Vad —dx] ||+
Vb Vb Vb
————3dCos|[c] —iCosh[@] CosIntegral|d [— iva +x)] +
Va Vb Vb Vo
iCosh[@} CosIntegral|d iVa +x| ] +Sinh[\/?d]
Vb Vb Vb
(—SinIntegr‘al[d iVa +XJ] +SinIntegr‘al[ iad —dx} - ;Sdsin[c]
Vo 75 Vo b
CosIntegral|d { ia +x|] Sinh[@] + CosIntegral|d (j Va +XJ] Sinh[\gd} N
Vb Vb Vb Vb
jCosh[@} SinIntegral|d iva +x|| +SinIntegral| iad -dx]| ] - 1d2 Sin[c]
e /b b :
Cosh[@] CosIntegral|d [— iva +x| | +Cosh[@] CosIntegral|d iva x|+
J‘lSinh[\/?d} SinIntegral|d iVa +x| ] +SinIntegr‘al[jH/?d - dx] ]
Vb Vb Vb
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Problem 73: Result unnecessarily involves imaginary or complex numbers.

x2Sin[c+dx]
J— dx

(a +b X2> 3
Optimal (type 4, 746 leaves, 28 steps):
dCos[c+dx] 9C0s [c+ %} COSIntng‘al{% - dx]|
8b* (a+bx?) 16 a b2

dCos|c - @] CosIntegral| Jad, g x| CosIntegr‘al{@ +dx] sinfc- @]
b Vb . Vb b .

16 a b? 16 (-a)3/2 p3/2

d? CosIntegr‘al[% +dx] sin[c-*2%] CosIntegral| 3% -dx] sin[c+ @}

16/ —a b°/? 16 (73)3/2 b3/2

d? CosIntegral | % ~dx| sinfc+ @]

af

o

Sin[c +dx]
- +

16+/-a b5/2 16ab>2 (V-a - b x|

y-ad s y-ad
Sinfc+dx] xSin[c +dx] Cos[c+ . ]SlnIntegr‘al[ o —dx]
¥

16 a b3/2 (\/:+\/Fx) 74b(a+bx2)2 16 (-a)3/2b3/2

+

d? Cos[c + @} SinIntegr‘al[@ -dx]
G Vo

16/ -a b2
dsin|c+ @] SinIntegr‘al[@ -dx] Cos[c- @} SinIntegr‘al[@ +dx]
Vb Vb . Vb Vb N
16 a b? 16 (-a)3/2b3/?

d? Cos[c - *=2-%] sinIntegral | Joad g x| dsinf[c- @] SinIntegral| JYad, g x|
Vb . b Vb

16+ -a b>/2 16 a b?

ap

Result (type 4, 927 leaves):

1 2a°2dCos[c] Cos[dx] 2a32?2bdx?Cos[c] Cos[dx]

16 a*/2 b? (a+bx?)? (a+bx2)?

2a%2bxCos[dx] Sin[c] 2+/a b?x3Cos[dx] Sin[c] 1
+

+

<a+bx2)2 <a+bx2)2 Vo
C°51”teg"al{d(jﬁ+><]] fﬁWdCOS[C*jﬁd}w(bfadz) Sin[cfjﬁd] -
o Vo oo ve

i CosIntegral [d -iﬁ”} iﬁWdCOS[“jﬁd]+(—b+ad2)51n[c+N?d] .
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2a32bxCos[c] Sin[dx] 2+/a b?x3Cos[c]Sin[dx] 2a%2dSin[c] Sin[dx]
+ + +

<a+bx2)2 (a+bx2)2 (a+bx2)2

2a%2bdx2Sin[c] Sin|

dxi +i+/b Cos[c] Cosh[@] SinIntegral|d
(a+bx?)? Vb

]

iad?Cos[c] Cosh[@} SinIntegral|d (@ X
Vb Vb

Vb

d
\/?dCosh{v—a—] Sin[c] SinIntegral|d
Vb

i+/a dCos[c] Sinh[ ——] SinIntegral|d

ad [i\/?
Vb

d
\msin[c] Sinh[\/—ai] SinIntegr‘al[d

Vb
ad?sin[c] Sinh| %] SinIntegralld (_\Hv?a: X

Vb
Vad

i+ad

iV/b Cos[c] Cosh| | sinIntegral]

Vb
iad?Cos[c] Cosh| 3@} SinIntegral| ivad g x|
Vb Vb

Vb
\a d ivad

| sin[c] SinIntegral|
Vb

4 .
i+/a dCos[c] Sinh[ra—] SinIntegral|

Vb Vb
\/b sin[c] Sinh{@] SinIntegral| ivad
Vb Vb

ad?sin(c] Sinh| 3@] SinIntegral] iJad g q
Vb Vb

Vb

V/a dCosh|

Problem 74: Result unnecessarily involves imaginary or complex numbers.

dx

stin[c+dx]

<a+bx2)3

Optimal (type 4, 512leaves, 19 steps):
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dCos|c+ @] CosIntegral| % -dx]

dCos[c+dx] dCos[c+dx] b
- + - +
16ab>2 (V-a -vb x| 16ab*2 (V-a +/b x| 16 (-a)%/2b*2
dCos|c- *2 d] CosIntegr‘al[@ +dx] d? CosIntegr‘al[@ +dx] sin[c- @}
Vb Vb . Vb b,
16 (-a)3/2b3/? 16 a b?
2 y-ad . A/-ad
d? CosIntegral | v -dx] sin[c+ ° ] Sinc+dx]
16 a b? 4b(a+bx22

d? Cos[c + 24| SinIntegr‘al[% -dx] dsSin[c+ %] SinIntegr‘al[% -dx]
N

af

16 a b? 16 (-a)3/2b3/2

d? Cos [ c - @} SinIntegr‘al[@ +dx] dsSin[c- @] SinIntegr‘al[@ +dx]
b Vb b Vb

16 a b? 16 (-a)3/2b3/2

Result (type 4, 634 leaves):

1
16ab
2Cos[dx] (dx (a+bx?) Cos[c] -2aSin[c]) 2 (2aCos[c]+dx (a+bx?)Sin[c])Sin[dx]
- +
(a+bx2)? (a+bx?)?
1d2 Cos[c] |i CosIntegral[d |- ia +x|] Sinh[@] - i CosIntegral|d (j Va +x]]
: /b /b Vb
Sinh[@] +Cosh[\/?d] SinIntegral|d iva +x| | —SinIntegr‘al[jl Va d —dx] ||+
dCos[c] —iCosh[\/?d] CosIntegral|d [— iva x| ]+
Va Vb Vb Vb
jCosh[@} CosIntegral|d [j\/; +x| ] +Sinh[\/?d]
Vb Vb Vb
(SinIntegr‘al[d iva +XJ] +SinIntegr‘al[ ivad dx}) - ;d Sin[c]
b Vb Va v/b
CosIntegr‘al[d { iVa + X ] Sinh[@] +cosIntegr‘al[d (j Va +XJ] Sinh[\gd} +
Vb Vb Vb Vb
i Cosh[@} SinIntegral|d iVa +x|| +SinIntegral| iad —dx] ||+ 1d2 Sin[c]
b b b :
Cosh[@] CosIntegral|d [— iVa +x|] +Cosh[@] CosIntegral|d iVa x|+
Vb Vb Vb Vo
iSinh[\/?d} SinIntegral|d iVa +x| | +SinIntegr‘a1[jl\/?d - dx] ]
Vb ) Vb
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Problem 75: Result unnecessarily involves imaginary or complex numbers.

Sin[c +dx]
Jidlx
(a+bx2)3

Optimal (type 4, 856 leaves, 28 steps):
dCos[c+dx] dCos[c+dx]

2720 (V-3 b x| 16 (-2 (voa /b x|

3dCos[c + @} CosIntegr‘al[@ —dx] 3dCos[c - @] CosIntegr‘al[@ +dx}
Vb Vb

16a%b 16a%b
3CosIntegral[@+dx] Sin|c- @] d? CosIntegr‘al[@erx} Sin[c- =24]
Vb Vb N Vb Vb .
a)S/ZW 16 (-a)3/2p3/2
3C05Integral[@7dx] Sin[c+ @] d? CosIntegr‘al[mfdx} Sin[c+ =24 ]
IS ) IS )
a)S/Z\/F 16 (—a)3/2 p3/2
Sin[c +dx] 3Sin[c+dx]
- +
a)3/2\/F(\/—a 7\mx)2 16a2\/F(\/—a 7\/Fx)
Sin[c +dx] 3Sin[c+dx]
+

2235 (Voo o B x)? 1622 (Ve /B x|

3Cos[c+ @] SinIntegr‘al{\gd -dx]| d?Cos[c+ @] SinIntegr‘al[@ -dx|
Vb Vb Vb

+ Vb -
16 (_a)s/z\/F 16 (_a)3/2 b3/2
3dsin[c+ @} SinIntegr‘al{@ -dx] 3Cos|c- @} SlnIntegr‘al[D +dx]
I IS . I IS .
16 a%b 16 (-a)>2/b
d? Cos [ c - @} SlnIntegr'al[L +dx] 3dsin|c- @] SlnIntegr‘al[L+dx]
Vb Vb Vb Vb

+

16 (-a)3/2b3/2 16a%b
Result (type 4, 932 leaves):

1 2a2+/b dCos[c] Cos[dx] 2ab32dx?Cos[c] Cos[dX]

+ +
16 a2 b3/2 (a+bx2) (a+bx2>2

10ab32xCos[dx] Sin[c] 6b%2x3Cos[dx] Sin[c] 1

(a+bx2)2 " (a+bx2>2 +\/a—
jCOSI”tegral[d(jﬁ”] 31\/?Wdc°s[c—j\/?d] (3b+ad?) Sin| j\/a—d] .
b W \/F
jCosIntegr‘al[d [j\/?er]
v 5




28 | Mathematica 11.3 Integration Test Results for 4.1.11 (e x)~m (a+b x~n)~p sin.nb

—31’1\/?\/FdCos{CJr

jﬁd]Jr<3b+ad2)Sin[c+i\/?d}J+
Vb Vb

10ab32xCos[c] Sin[dx] 6b52x3Cos[c] Sin[dx] 2a2+/b dSin[c] Sin[dx]

4
(a+bx2)2 (a+bx2)2 (a+bx2)2

. vad . iva
2ab%2dx2Sin[c] Sin[dx] 3ibCos[c] Cosh| = | sinIntegral|d _\Z\/F +x)}
+ +

(a+bx2)2 JVa

d
| sinIntegral|d

i+/a d*Cos[c] Cosh]|
Vb

iva
Vb

iva

Vb
]

d
3 WdCosh[ra—] Sin[c] SinIntegral|d

Vb

d
3i+/b dCos[c] Sinh| \/_a_} SinIntegral|d
Vb

+ X

+ X

3bSin[c] Sinh[%] SinIntegr‘al[d (%er

:

Va d iva
Vb

31ibcCos[c] Cosh[%] SinIntegr‘al[b% -dx]

Va d?sin[c] Sinh| | sinIntegral|d (

o1

%

+

"4

i

d fdx] -

i+/a d*Cos[c] Cosh]|

} SinIntegral [

Vb Vb

d ' d
Va ] Sin[c] SinIntegral [ iva

Vb Vb

3\/FdCosh[

—dx} _

i+a d

d
| sinIntegral| —dx] +

3i+/b dCos[c] Sinh|
Vb Vb

3bSin[c] Sinh[%] SinIntegral [ ivad g x]

i+a
Vb
Va

+

iad

\Ja d?sinfc] Sinh[@} SinIntegral|
Vb )

Problem 76: Result unnecessarily involves imaginary or complex numbers.

Sin[c +dx]
Jidlx

X (a+bx2)3

Optimal (type 4, 730leaves, 41 steps):
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5dCos|c+ @] CosIntegral| % -dx]

dCos[c+dx] dCos[c+dx] b
- - +
16a2b (\/—a —\/Fx) 16a2b (\/—a +\/Fx) 16 (-a)52+/b
_V-ad V-ad
5d Cos|c v | CosIntegral| v +dx] CosIntegral [d x] Sin[c]
N _
16 (-a)%2/b a’
CosIntegr‘al[@ +dx| sin[c - @} d? CosIntegr‘al[@ +dx] Sin|c- @}
b ) I5 Vb )
233 16 a’b
CosIntegr‘al[@—dx} Sin[c+ @} d? CosIntegr‘al[@ ~dx| sin[c+ 4]
I ) I W
2a3 16a%b
Sin[c +dx] Sin[c +dx] Cos[c] SinIntegral[d x]
+ + +
4a<a+bx2)2 2a? (a+bx?) a3

Cos|[c+ @] SinIntegral| JYad g x| d?Cos[c+ @} SinIntegral| Jad g x|
IS I . I G )

2343 16 a%b

5dSin|c+ @} SinIntegr‘al[@ -dx| Cos[c- @} SinIntegr‘al{@ +dx]
b Vb b Vb

16 (-a)%2/b 2a°
d? Cos [ c - @} SinIntegr‘al{@ +dx] 5dSin|c- @] SinIntegr‘al[@ +dx]
I i i I I
16a2b 16 (-a)%2/b

Result (type 4, 1384 leaves):

SinIntegral[dx] 1
Cos[c] +
a3 16a%b
(jﬁﬁdwdx)ms[dx}+b51n[dx} 3 Ja d
; +1i d? CosIntegral|d +x| ] sinh[——] -
(Va -i+b x| Vb Vb
d i 1
d? Cosh[ra—] SinIntegral|d iVa x| ]| -
\/F \/F 16 aS/Z
Sin[d 1 d i
5ib [_& + =d Cosh[\/; | CosIntegral|d (1 2 +x}] +
iva b +bx b Vb Vb
d i 1
i Sinh[\/—a—} SinIntegral|d iVa +x| ] J -
Vb Vb 2a°
i d d d i d
i CosIntegral|- iVa +dx] Sinh[\/? ] —Cosh[\/—ai] SinIntegral] iVa —dx] |+
Vb Vb Vb Vb
1 (—J‘L\/a_\/Fd+bdx)Cos[dx]+bSin[dx] iva
; ; - i d? CosIntegral|d [— +x| |
16a’b (Va +ivb x| Vb
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d d i d 1
Sinh[ra—] +d? Cosh[\/; ] SinIntegr‘al{]l Va —dx]| |+
Vb Vo /o 16.2°2
Sin[d 1 d i
5ib {— nfdx] +=d Cosh[ﬂ] CosIntegral|d [— iva x| ]+
-iva b +bx b Vb Vb
d i d
i Sinh[ﬂ} SinIn‘cegr‘al[]l Va -d X] ]J -—
Vo Vb 22’
i d d d i d
-1i CosIntegral| iVa +dx] sinh| Va | +Cosh| Va | sinIntegral| iva dx] ||+
Vb Vb Vb Vb
; CosIntegral[d x] 1
Sin[c] +
a3 16a%b
d : bCos[dx] + (-1i+a /b d-bdx] Sin[dx]
_d? Cosh[\/? | CosIntegral|d iVa x| ]+ ( - )
Vb Vb (\/?— i \/Fx)
d i 1
id? Sinh[ra—] SinIntegral|d iVa +x|]| -
\/F \/F 16 a5/2
C d 1 i
5i+vb [—OS[X]+J'1d CosIntegral|d Jl\/?+x ] Sinh[ai] +
iva Vb +bx b Vb Vb
d ' 1
i Cosh[\/—ai} SinIntegral [d iva +X J -—
Vo Vb 22’
d i d d i d
Cosh[ﬂ] CosIntegr‘al[— iva +dx] +1 Sinh[ﬂ] SinIntegr‘al[ iva —dx} +
Vb Vb Vb )
1 d i
-d? Cosh[ra—] CosIntegralld |- iVa x| ]+
16a%b Vb NS
bCos[dx] +i+a b dSin[dx] -bdxSin[dx]
(\EJrJi\/FX)z
d i d 1
id?Sinh| \/_a_] SinIntegral| iVa —dx] |+
\/F \/F 16 a5/2
C d 1 i d
5ivb |- 0s[dx] - =d | i CosIntegral|d —1\/; +x| ] Sinh[ﬂ] -
-iva b +bx b Vb Vb
d ' d 1
Cosh[\/_ai} SinIntegral| iva —dx] || - ——
Vb 23a3

Vb
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Cosh[@] CosIntegral] ivad +dx] +i Sinh[@} SinIntegral| ivad +dx]

Vb Vb Vb Vb

Problem 77: Result unnecessarily involves imaginary or complex numbers.

Sin[c+dx]
Jidlx

x2 (a+bx2)3

Optimal (type 4, 875 leaves, 60 steps):

dCos[c+dx] dCos[c+dx] d Cos[c] CosIntegral|dx]
+ + +
16 (-a)>/? (x/f f\/Fx) 16 (-a)>/? (\/—a +\mx) a’
7dCos|c+ @} CosIntegr‘al{@ -dx| 7dCos|c- @] CosIntegr‘al[@ +dx|
IS IG5 X b b )
1633 1633
ISWCosIntegral[@ +dx] sin[c- @} d? CosIntegr‘al[@erx] Sin|c- @]
Vb b . Vb b N
16 (-a)’/? 16 (-a)5/2/b
ISWCosIntegral[@ -dx] Sin[c+ @} d? CosIntegr‘al{@—dx] Sin[c+ @]
I b b b
16 (—3)7/2 16 <_a)5/2\/F
Sin[c+dx] \/Fsin[c+dx] 7\/FSin[c+dx]

Fx a6 a (Ve Vb k) 169 (Ve Vb x|

\/FSin[CerX] 7\/FSin[c+dx] dSin[c] SinIntegral[d x]
16 (-a)>/2 (\/—a +\/Fx)2 16 a3 (\/—a +WX) a’
15+/b Cos|c+ @} SinIntegr‘al[@ ~dx| d2Cos[c+ @} SinIntegr‘al[@ -dx|
Vb Vb . Vb Vb N
16 (*3)7/2 16 <_a>5/2\/F
7dsin[c+ @} SinIntegr‘al[@ ~dx| 15+/b Cos[c- @] SinIntegr‘al[@ +dx]
G I . 5 I .
16 a3 16 (-a)7/2

d? Cos[c - 2 }SinIntegr‘al[@+dx] 7dSin[c—@]SinIntegr‘al[@+dx]
Vb b Vb

ap

16 (-a)52/b 16 a°

Result (type 4, 1673 leaves):
1

716a7/2\/Fx <a+bx2)2

il-2ia%2+/b dxCos[c+dx]-21a*2b32dx3Cos[c+dx] +161’1\5de(a+bx2)2Cos[c]

iva
b

d
| CosIntegralld

i
CosIntegral([dx] +7ia*?~/b dxCos|c- +X

|+

Vb
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14 i a*?b*2d x?Cos [ c - i\/?d} CosIntegral|d [jl\/?er ]+
Vb Ny
71'1\/?b5/2dx5Cos[c—j\/;d}CosIntegral[d{j\/?er ]+
Vb Vb
15 a% b x CosIntegral [d [i\/?JrX ] sin|c- Ji\/?d] .
Vb Vb
a’ d® x CosIntegral [d {j Va +x]] Sin|c- c \Ed} +30@ab? x> CosIntegral|d 2 x
Vb Vb b
Sin[c—j\/?d}+2a2bd2x3CosIntegr‘a1[d(jﬁ+x ]Sin[c—j\/?d}Jr
Vb Vb Vb
15 b® x° CosIntegral[d Ji\/;+x | sinfc- jﬁd] s abld?x®
Vb Vb
costntegraafa [ 215 | sanfe- 28] o) costonegran a2 |
Vb NCY VB
7iva Vb dcos[cr 22T (1sb L ad) sinfc. 1Y29Y]
Vb Vb

161 a%2+/b Sin[c+dx] -501ia*2b%>2x%Sin[c+dx] -301i+/a b>2x*Sin[c+dx] -
16 i a>’2+/b dxSin[c] SinIntegral[dx] - 321 a%2b32dx3Sin[c] SinIntegral[dx] -

i d
16 i vVa b*/2dx®Sin[c] SinIntegral[dx] +15a®bx Cos|[c - iva ]
Vb
. . q .
SinIntegral|d [1\5 +x| ] +a*d?xCos|c - iva | sinIntegral|d (l\/? +x]] +
Vb Vo Vb
ivVa d i+ a
30 ab?x? Cos|[c - iva | sinIntegral|d ia x| ]+
Vb Vb
ivVa d LV a
2a’bd? x* Cos [c - iVa | sinIntegral|d iva x| ]+
Vb Vb
ivVa d LV a
15 b®x® Cos [ ¢ - iVa | sinIntegral [d iva x| ]+
Vb Vb
3 d .
ab2d2x5Cos[c—1\/— }SinIntegr‘al[d(l\/?er ] -
Vb Vo
. q .
7ja5/2\mdxsin[c—l\/? | sinIntegral|d 1\/;+x | -
Vb Vb
. q .
14 i a*>2b*2d x*sin[c - iVa | sinIntegral|d [l\/? wx|] -
7o /b
3 d .
7jﬁb5/2dx551n[c—lr | sinIntegral|d lﬁ+x |+
Vb Vb
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ivad i d
15a’bx Cos|[c + iVa ] SinIntegr‘al{l\/; —dx]| +
Vb Vb
' d i d
a3d2xCos[c+l\/? ]SinIntegral[l\/? —dx] +
Vb Vb
i d i d
30 ab?x? Cos[c + iva | sinIntegral| iva ~dx] +
Vb Vb
1 d i d
2a2bd2x3Cos[c+l\E }SinIntegral[l\E —dx] +
Vb Vb
iva d i d
15b® x> Cos[c + iVa | sinIntegral| iVa —dx] +
Vb Vb
iva d i d
ab?d? x> Cos[c + iVa ] SinIn‘cegr‘al[]l Va ~dx]| +
Vb Vb
ivad ' d
7Jia5/2\/Fdein[c+l\/_ ]SinIntegr‘al[l\/? —dx]| +
Vb Vb
i d i d
14ja3/2b3/2dxgsin[c+l\/? ]SinIntegr‘al[l\/? ~dx] +
Vb Vb
i d i d
71‘1\/;b5/2dx551n[c+1\g }SinIntegr‘al[l\/; -dx]
Vb Vb

Problem 78: Result unnecessarily involves imaginary or complex numbers.

dx

jsin[c+dx}

x3 (a+bx2)3

Optimal (type 4, 791 leaves, 46 steps):

| 33
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dCos[c+dx] \/FdCos[c+dx]

2% 162 (V@ Vb x|

9+/b dCos[c+ @] CosIntegr‘al[% -dx]

\/FdCOS[C+dX] b
- +

16 a3 (ﬁﬁx) 16 (-a)’/?

QWdCos[c - %] CosIntegr‘al[% +dx]

3 b CosIntegral[dx] Sin[c]

16 (-a)’/? at

A-ad . _A-ad
d? CosTntegral [d x] Sin[c] 3b CosIntegral | v +dx] sin[c v ]

+ +
2a3 2a%
d? CosIntegr‘al{@ +dx] sinfc- @] 3bCosIntegr‘al[@—dx} Sinfc+ =24
Vb b . Vb Vb .

16 a3 2a*
2 J-ad : V-ad
d? CosIntegral | v dx| sin[c+ " ] Sinfcsdx] bsin[c+dx]

16 a3 2a3x? 4a% (a+bx?)?

bSin[c+dx] 3bCos[c]SinIntegral[dx] d?Cos[c] SinIntegral[dx]
a® (a+bx?) a* 23a’

3bCos|c+ @} SinIntegr‘al[@ -dx] d?Cos[c+ @] SinIntegr‘al[@ -dx|
Vb Vb Vb Vb

2a* 16 a3

9v/b dsSin[c+ @d] SinIntegr‘al[%fdx] 3bCos|c- %] SinIntegr‘al[%erx}

+ +
16 (-a)’/? 2a*
d? Cos [ c - @} SinIntegr‘al[@ +dx| 9+/b dsin[c- @] SinIntegr‘al[@+dx}
75 I . b I
16 a3 16 (-a)7/2

Result (type 4, 995 leaves):
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1
16 a*

1
- 2 aCos[dx]

x2 <a+bx2)2

o
x2 (a+bx2)2
2a(-2(2a*+9abx?+6b*>x*) Cos[c] +dx (4a*+7abx?+3b*x*) Sin[c]) Sin[dx] -

8 (6b+ad?) (CosIntegrall[dx] Sin[c] +Cos[c] SinIntegral[dx]) +24b Cos[c]

(dx (4a*+7abx*+3b*x*) Cos[c] +2 (2a*+9abx*+6b’>x*) Sin[c]) +

i CosIntegral|d |- iVa +x| ] Sinh[@] - i CosIntegralld iva +x|] Sinh[\/?d] +
75 75 75 /o
Cosh[@} {SinIntegr‘al[d iva +x|| - SinIntegral| ivad ~dx]||+ad?Cos[c]
Vb Vb Vb
i CosIntegral|d |- iVa +x| | Sinh[\/?d] - i CosIntegral|d ia +x|] Sinh[\/?d] +
Vb Vb Vb Vb
Cosh[@} SinIntegral|d iVa +x|| - SinIntegral| iVad —dx] ||+
Vb Vb Vb
9+/a /b dCos|c] —iCosh[@} CosIntegrall|d |- iva +x| ]+
Vb Vb
jCosh[@} CosIntegral|d []IH/? +x| ] +Sinh[\/?d]
Vb Vb Vb
(SinIntegr‘al[d iva +XJ] +SinIntegr‘al[ ivad dx}) —Q\E\mdsin[c}
Vb Vb
CosIntegr‘al[d { iVa + X ] Sinh[\/?d] +CosIntegr‘al[d (j Va +x]] Sinh[\gd} +
i Cosh[@} SinIntegral|d iVa +x|| +SinIntegral| iad -dx] || +24bsSin[c]
Vb Vb Vb
Cosh{@] CosIntegral|d [— iVa +x| ] +Cosh[@] CosIntegral|d iVa +x| ]+
Vb Vb Vb Vo
iSinh[@} SinIntegral|d [i Va +x| ] +SinIntegral| iVad -dx] || +ad*sin[c]
Vb Vb Vb
Cosh[@] CosIntegral|d [ iva +x|] +Cosh[@] CosIntegral|d iva x|]+
Vb Vb Vb Vb
i Sinh[@} SinIntegral [d ia + XJ } + SinIntegr‘al[ iad -d x} ]
Vb Vb Vb

Problem 94: Result is not expressed in closed-form.

dx

Jx“ Sin[c+dx]

a+bx3
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Optimal (type 4, 371 leaves, 15 steps):

/"
a'/3d
p1/3

+dx] sinfc- 274
+ +

bd 3 b°/3

(<1)?% 2% CosIntegral [ 2274 _dx] Sin[c+ (17204

pl/3 pl/3

2/3
xCos[c+dx] @ CosIntegral|

3 p>/3
(-1)%a23 CosIntegr‘al[lf_h%erx] Sin[c - A—_lm]

b1/3

+
3 p>/3

(-1)% a2/ Cos[c + ii)::/ga—l/gﬂ SinIntegral ji)% ~dx]
- +

b dZ 3 b5/3

Sin[c +dx]

1/3 . 1/3
a3 Cos[c - =—4] sinIntegral [ ¢ + d x|
bl/3 b/3

3 b5/3

(-1)%?a?3Cos[c - A4 2a2d | sinIntegral [ -4 Vaild g x|

bl /3 bl/a

3 b5/3

Result (type 7, 231 leaves):
1
6 b2 d?

-1 ad?RootSum|[a + b1 &,

S (Cos[c+du1] CosIntegral|d (x -#1) | - i CosIntegral|d (x-#1)] Sin[c+dul] -
iy |

iCos[c+dnl] SinIntegral|d (x-#1) ]| -Sin[c+dnl] SinIntegral|d (x-n1)]) &] +

i ad?RootSum|a + b1’ &, 1 (Cos[c+du1] CosIntegral|d (x-#1)] +
=1

i CosIntegral|d (x-1)] Sin[c+d#1] +1iCos[c+du1] SinIntegral[d (x-=1)] -

Sin[c+d#1] SinIntegral|d (X—Hl)” &| +6b (-dxCos[c+dx] +Sin[c+dx])

Problem 95: Result is not expressed in closed-form.

dx

JXS Sin[c+dx]

a+bx3

Optimal (type 4, 357 leaves, 14 steps):
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//3

4 dx| Sin[c—ﬂ}

1/3 a
Cos[c+dx] 2 CosIntegral| s "

+

bd 3p*/3

(~1)%2 13 cosIntegr‘al[if_n%idx] Sinc- ;;1)%]

3 p4/3

(-1) 2% al/3 CosIntegral [ 24 :;:‘1’/3 d.d x| sin[c - A—ad :1?:1’/3 d ]

3 b4/3

(-1)*?al/3 Cos [+ A4 ;,1’/3:1/3 4] sinIntegral [ 1 —=—d ::/331/3 4 _dx|

3 b4/3

1/3 . 1/3
al/s Cos[c— u} SlnIntegr‘al[a d +dx}
bl/3 bl/3

3 p4/3

(-1)*7a'/3 Cos[c- 24 Vatd | sinIntegral | FH—2—¢ Vatlld g x|
p1/3 /3

3 b4/3

Result (type 7, 216 leaves):
1

6b2d

6bCos[c+dx] +1iadRootSum|a+bxl®&,
%(Cos[c+dn1} CosIntegral[d (x-#1)] - i CosIntegral|d (x-#1) ] Sin[c+dnl] -
=1
iCos[c+dul] SinIntegral[d (x-#1) ] -Sin[c+dnl] SinIntegral[d (x-=1)]) &] -

i adRootSum|a+bnl®&, % (Cos[c+dn1] CosIntegral|d (x-u1) ] +
=1

i CosIntegral[d (x-#1) | Sin[c+d#1] +iCos[c+d#l] SinIntegral|d (x-#1)] -
Sin[c+du1] SinIntegral|d (x-#1)|) &]

Problem 96: Result is not expressed in closed-form.
sz Sin[c+dx]

a+bx3

dx

Optimal (type 4, 281 leaves, 11 steps):

1/3 . 1/3 _1y1/3 51/3 . _1y1/3 51/3
CosIntegral[ 2% +dx| Sin[c-2—%] CosIntegral | —2—¢ dx]sSin[c+ 2 —2—4]
p1/3 p1/3 . p1/3 p1/3 .
3b 3b
2/3 41/3 . _1)2/3 31/3
CosIntegral] ﬂ)ﬁd +dx] sin[c - 1—1)blf—d}
3b

_14y1/3 41/3 . _1y1/3 31/3
Cos[c+ “H-—2—d] sinIntegral [ 224 _dx]|
p1/3 p1/3

+

3b

//’3

Cos [c - a;;%] SinIntegral [

1 2/3 41/3 2/3 51/3

- "/ . - / "/
=4 dx| Cos[c- A4 sinIntegral [ 124, dx]
b b1/3 b1/3

+

3b 3b

| 37
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Result (type 7, 186 leaves):

ib i (RootSum|a+bw1®&, Cos[c+dnl] CosIntegral|d (x-#1)] -
6

i CosIntegral[d (x-#1) | Sin[c+d#1] - iCos[c+dnl] SinIntegral|d (x-#1)] -
Sin[c+du1] SinIntegral|d (x - 1) | &] - RootSum|a +bn1? &,

Cos[c+dnl] CosIntegral|d (x-#l) | +i CosIntegral|d (x-#1) | Sin[c+dul] +
i Cos[c+dnl] SinIntegral|d (x-#1) ] -Sin[c+d1] SinIntegral|d (x-11)] &])

Problem 97: Result is not expressed in closed-form.

dx

stin[c+dx]

a+bx3

Optimal (type 4, 343 leaves, 11 steps):

CosIntegral[* ¢+ dx] sin[c- ¢]

/3 pl/3
3 41/3 p2/3
(-1)? CosIntegral [ 229 _d x| Sin[c + 24 ]
p1/3 p1/3
N
3 a1/3 b2/3

(-1) 1/3 cosIntegral["—lm +dx] sin|c- j_l)M}

pl/3 pl/3

+
3 a1/3 b2/3

(-1)*7 cos[c+ ﬂm} SinIntegr‘al[i’—l)M -dx]

pl/3 bl/3
3 41/3 p2/3
1/3 1/3 2/3 41/3 2/3 ,1/3
"/ . - / 0 - "/ /
Cos[c - 2—¢] sinIntegral[®—¢ + dx]| (—1)1/3Cos[c—i—)—1 —2-4] sinIntegral [ 124
1/3 p1/3 b1/3 p1/3
+
331/3 b2/3 3a1/3 b2/3

Result (type 7, 196 leaves):

1 . 3
——1 [RootSum|a +bu1® &,
6b

i(Cos[c+dtt1] CosIntegral[d (x-#1)] - i CosIntegral|d (x-#1) ] Sin[c+dnl] -
=1
i Cos[c+dul] SinIntegral[d (x-#1) ]| -Sin[c+dn1] SinIntegral[d (x-=1)]) &] -

1
RootSum|a + b 1% &, — (Cos[c+d 1] CosIntegral|d (x-n1)] +
=1
i CosIntegral|d (x-#1) | Sin[c+d#1] +iCos[c+dnl] SinIntegral|d (x-ul) ] -

Sin[c+du1] SinIntegral|d (x - 1)) &]

Problem 98: Result is not expressed in closed-form.

Sin[c+dx]
Jidlx

a+bx3

Optimal (type 4, 343 leaves, 11 steps):
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CosIntegr‘al[ +dx] Sin[c- al/ﬁ] (-1)*? CosIntegr‘al[i’—lm dx] sinfc+ QM}

b1/3 b1/ /3 b1,3
- +
3 a2/3 b1/3 3 a2/3 b1/3
_1,2/3 1/3 4 _112/3 41/3
(-1)%7 CosIntegral [ - 2—d  d x| sin[c - (A —ad]
p1/3 p1/3
+
3 g2/3 pl/3

(—1)1/3 Cos[c+ 1'—1&} SlnIntegr‘al[i'—l)i dx|

p1/3 p1/3
3 32/3 b1/3 !
Cos[c— . ] SlnIntegr‘al[ +dx] (-1)%7cos|[c - 4’—1);3:‘—1/3"] SinIntegr‘al[i’—l)%+dx]
N ,
332/3 b1/3 3a2/3 b1/3

Result (type 7, 196 leaves):

1 . 3
——1 |RootSum|a +b1® &,
6b

P (Cos[c+dn1] CosIntegral|d (x-#1) | - i CosIntegral|d (x-#1)] Sin[c+dnl] -
’ iCos[c+dnl] SinIntegral|d (x-#1) ]| -Sin[c+dnl] SinIntegral|d (x-=1)]) &] -
RootSum|a + b1’ &, % (Cos[c+dn1] CosIntegral|d (x-u1)] +
i CosIntegral [dm(x -u1)] Sin[c+dnl] + i Cos[c+du1] SinIntegral[d (x -#1) | -

Sin[c+du1] SinIntegral|d (x - 1) |) &]

Problem 99: Result is not expressed in closed-form.

Sin[c +dx]
Jidlx

X (a+bx3>

Optimal (type 4, 301 leaves, 16 steps):

CosIntegr‘al[ +dx] Sin[c- &}

CosIntegral[dx] Sin[c] pi/3
a ) 3a )
CosIntegral [t —2—d 1’13/:’1/3 ~dx] sin[c+ FA—2=d ;’sgmd}
3a )
CosIntegral | 1'—1)% +dx] Sin|c- 1—1)%%}
3a :
Cos[c] SinIntegral[dx] ¢°° [c+ j__l)%} SlnIntegr‘al[i‘—l);’;—m dx|
a : 3a )
Cos|[c - ] SlnIntegr‘al[ +dx] Cos[c- 3’—1):5—1/3} SinIntegral| 1’—1):3—1/3 +dx]
3a ) 3a

Result (type 7, 206 leaves):
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1
— (-1 RootSum|a + b =13 &,
6a
Cos[c+dnl] CosIntegral|d (x-#1) | - i CosIntegral[d (x-#1) ] Sin[c+dul] -

i Cos[c+dnl] SinIntegral|d (x-#1) ] -Sin[c+dul] SinIntegral[d (x-1)] &] +
i RootSum|a + b 13 &, Cos[c+dnl] CosIntegral[d (x-1)] +
i CosIntegral[d (x-#1) | Sin[c+d#1] +iCos[c+d#l] SinIntegral|d (x-u1)] -
Sin[c+du1] SinIntegral[d (x-u1) | &] +
6 CosIntegral[d x] Sin[c] + 6 Cos[c] SinIntegral|d x})

Problem 100: Result is not expressed in closed-form.

dx

Jsin[c +dx]

x2 (a+bx3)

Optimal (type 4, 380 leaves, 17 steps):

1/3 al/3d . al/3 g
dCos[c] CosIntegral[dx] ©° CosIntegral | b2 T dx] sin[c- Y ]
a " 3 a4/3 *
(-1) 2% bl/3 CosIntegral | i’—l)lb’;a—l/sd ~dx] sin[c+ 1—_1)%]
3 34/3 B
1/3 KL1/3 (71)2/3 al/'s d . (-1) 2/3 31/’3 d
(71> ° COSIntegral[ bl/3 +dX] Sln[C7 b/3 ] Sin[c +d x]
3 a%/3 ax

(-1) 2/3 113 Cos [ ¢ + M} SinIntegral | IS SEAE VLT NP x]
bl/ pl/3
N

dSin[c] SinIntegral[d x]

i 3a4/3

1/3 . /3
bl/3 Cos [c -2 /d} SinIntegral { =4 d X}

b1/3 pl/3

3 g4/3
(-1)"? '3 Cos[c - LH—=—4] sinIntegral [ <= d x|
b1,3 b1/3
3 a4/3

Result (type 7, 233 leaves):

6 dx Cos[c] CosIntegral[dx] -
6ax

i x RootSum[a + b =1? &, S (Cos[c+dn1] CosIntegral|d (x-=1) ] -
ol

i CosIntegral|d (x-#1) ] Sin[c+d#1] - iCos[c+dnl] SinIntegral|d (x-#1)] -
Sin[c+d#1] SinIntegral|d (x-=1) ” &| + 1 x RootSum[a + bn1? &,
L(Cos[c +d 1] CosIntegral[d (x -#1) | + i CosIntegral|d (x-#1)] Sin[c+dul] +
iy |
iCos[c+d#l] SinIntegral|d (x—iil)] - Sin[c+d#1] SinIntegral[d (x -=1) ]) &] -

6Sin[c+dx] -6dxSin[c] SinIntegral[d x]
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Problem 101: Result is not expressed in closed-form.

Sin[c +dx]
Jidlx

x3 (a+bx3)

Optimal (type 4, 408 leaves, 18 steps):

b2/3 CosIntegral [ abll—:d +d x] Sin [C _ ﬂ]

dCos[c+dx] d?CosIntegral[dx] Sin[c] bl/3
) 2ax ; 2a ) 3a%3 :
(-1) /3 b2/3 CosIntegral [ 124 ;’S;"l/gd ~dx] sinf[c+ FA—2—d ;’i,}al’/ad ]
335/3 N
(-1) 2/3 p2/3 CosIntegral [ i’—l);;a—l/sd +dx] sinfc- 1’—1%] sin[c+dx]
327 ) 2 ax? :

1/3 2/3 (-1)Y2al3d ] < (-1)Y2 a3 d
d2 Cos[c] SinIntegral[d x] (-1)*7 b2 Cos|c + | sinIntegral] ~d x|

pl/3 bl/3

2a 3 35/3
2/3 a1/3 d . a1/3 d
b?/3 Cos[c - %] sinIntegral | *—% + d x|

p1/3 p1/3

3 a5/3
_1y2/3 31/3 . _1)2/3 31/3
(-1)*7b?3Cos[c - 24 4] sinIntegral [ 24 , d x|
p1/3 p1/3

3 a3°/3

Result (type 7, 253 leaves):
1

6 a x2

-1i x? RootSum|a + b #1? &, % (Cos[c+dn1] CosIntegral|d (x-#1) | - i CosIntegral[d (x - 1) |
=1
Sin[c+dul] - iCos[c+dnl] SinIntegral|d (x-#1)] -

Sin[c+d#1] SinIntegral|d (x-=1) ] ) &| + 1 x? RootSum|a + b 1> &,
%(Cos[c +d 1] CosIntegral[d (x - 1) ] + i CosIntegral|d (x-=1) ]| Sin[c+dnl] +

1

iCos[c+dnl] SinIntegral|d (x-#1)] -Sin[c+dul] SinIntegral[d (x-u1)]) &] -

3 (dxCos[c+dx] +d*x*CosIntegral[dx] Sin[c] +Sin[c+dx] +

d? x* Cos[c] SinIntegral[dx])

Problem 102: Result is not expressed in closed-form.

x3Sin[c +dx]
j— dx

(a+bx3>2

Optimal (type 4, 714 leaves, 23 steps):
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(-1)*?dcos[c+ (APl d ] cosTntegral [ (R84 gy

bl/3 bl//3
- 9al/3 b5/3 N
d Cos [c - ab/ >d ] CosIntegral [ ot d x]
N
9 a1/3 b5/3
(-1)*?dcos[c- 21 2 al’/zd} CosIntegral [ 1 —a—d 22alid | g x|
pl/3 bl/3
9 31/3 p5/3 i
. al/3d
CosIntegr‘al[ +dx} Sin|c- F}
9 a2/3 b4/3 N
(-1)** CosIntegral [ (A —a—d 1/133 P g x| sin[c+ ==l 1’13,3""1’/3 d]
bY/ bV
N
9 32/3 pt/3
(-1)* CosIntegral [ 24 Lalld g x| sin[c - H—a=d 2 md}
bl/3 p1/3
9 a2/3 b4/3
1/3 171)1/3 3 1 1/3 a1,3
xSin[c+dx] (-1)*7 Cos|c+ b1/ ¢] sinIntegral| oy ~d x|
+ —
3b (a+bx?) 9 32/3 pi/3
(-1)??dsin[c+ A=l :;3/;’1/3 | sinIntegral [ 24 :13:1/3 -dx]
9 a1/3 b5/3 *
Cos [c - ab/ d] SlnIntegr‘al[ +dx] dsin[c- -9 sinIntegral | a:gd +dx]
+ - +
9a2/3 b4/3 931/3 b5/3

(-1)*7 cos|c- P athd] SlnIntegral[ﬂM dx|

pl/3 pl/3

9 a2/3 b4/3

(-1)*?dsin[c- l’—lm} SlnIn‘cegr‘al[1’—1)2/33—1/3 d x|

pl/3 pl/3

9 a1/3 b5/3

Result (type 7, 383 leaves):
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> |Rootsum [a+bn1? 8,
18b

% (i Cos[c+dul] CosIntegral|d (x-u1)] + CosIntegral[d (x-u1)] Sin[c+dul] +
H#1
Cos[c+du1] SinIntegral|d (x-#1) | - i Sin[c+du1] SinIntegral|d (x -=1) | +
dCos[c+dnl] CosIntegral|d (x-#1) ] #l-1idCosIntegral|d (x-#1) ]| Sin[c+dnl] #l-
idCos[c+dnl] SinIntegral|d (x-n1) ] #1-
dSin[c+dnl1] SinIntegral|d (x-#1) | #1) &| + RootSum|a + b:1® &,
— (-1 Cos[c+dnl] CosIntegral|d (x-#1) | + CosIntegral|d (x-#1) ]| Sin[c+dnl] +
=1
Cos[c+dn1] SinIntegral|d (x-#1) | + i Sin[c+d#1] SinIntegral|d (x-#1) | +
dCos[c+dnl] CosIntegral|d (x-#1) | =1+ idCosIntegral|d (x-#1) | Sin[c+dnl] 1l +
idCos[c+dnl] SinIntegral|d (x-u1)] =1 -

. . 6bxSin[c +dx]
dSin[c+dnl] SinIntegral|d (x-n1) | =1) &) - o
a+bx

Problem 103: Result is not expressed in closed-form.

dx

sz Sin[c+dx]

(a+bx3>2

Optimal (type 4, 371 leaves, 12 steps):

1/3 41/3 _1)1/3 31/
~1)Y3dcos[c+ LR d) cosTntegral [ LLL22d gy
p1/3 g bl/3
- +
9 a2/3 b4/3

dCos|[c- a;i;d | CosIntegral| a;jgd +dx]

+
9 a2/3 b4/3

(-1)*?dcos|c- M} CosIn‘cegr‘al[i’—l)M +dx]

p1/3 bl/a

9 a2/3 b4/3

(-1)*?dsin[c+ A2l ald | sinIntegral | F1—2—d Valid g x|

Sin[c+dx] p1/3 p1/3

3b<a+bx3) 9 g2/3 p4/3

dsin|c- a;i;d | sinIntegral| a;i;d +dx]

9 a2/3 b4/3

(-1)*?dsin[c- 1’—1)@} SinIn‘cegr‘al[i’—l)Ll/3d +dx]

pl/3 pl/3

9 a2/3 b4/3

Result (type 7, 214 leaves):
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1
——|d RootSum|a + b #1* &,
18 b?

%(Cos[c+dn1} CosIntegral[d (x-1)] - i CosIntegral|d (x-#1) ] Sin[c+d®nl] -
o iCos[c+dnl] SinIntegral[d (x-#1)]| -Sin[c+du1] SinIntegral[d (x-u1)]) &) +
d RootSum|[a + b 1> &, %(Cos[c+dtt1} CosIntegral[d (x -#1) ] +
iCosIntegr‘al[dﬁ(x—ttl)] Sin[c+d#1] +1iCos[c+dnl] SinIntegral|d (x-#1)] -
_6bsin[c+dx]

Sin[c+du1] SinIntegral|d (x-u1)|) &] ;
a+bx

Problem 104: Result is not expressed in closed-form.

stin[c+dx] q
——dx

<a+bx3)2

Optimal (type 4, 691 leaves, 34 steps):

dCos[c+ ﬂm} CosIntegral| L1Pad g x| dcCos[c- %] CosIntegral| alizd

+dX]

bt/3 b1/3 .
9ab 9ab
dCOS{C— j;hM} CosIntegr‘al[l’—l)w+dx} CosIntegr‘al[al’g,d +dX] Sin[c_ a1/3d]
pl/3 pl/3 bi/3 7[91/3
9ab ) 9 g4/3 p2/3
(-1)*? CosIntegral [4’—1)%1’/3" ~dx] sin[c+ j—_l)%md}
bY/ b1/
N
9 g4/3 p2/3
1/3 (-1)22a'3d ; (-1)2Pa'3d
(—1) CosIntegral [ s +d x] Sin [c - e } Sin(csdx]
+ _
9 g%/3 p2/3 3abx
2/3 (1)Y2at2d T s (1)Y2atid
sin[c+dx] (-1)*°cCos|c+ o | sinIntegral| o x|
+ —
3bx (a+bx?) 9 a4/3 p2/3

dsin[c+ =4 v awd} SinIntegral [ 1—2—d Callfd g x|

1
b1/3

pl/3
9ab
al/3 g . al/3 4 . al/3 4 . al/3 d
_atd + - 4= +

Cos|c | sinIntegral| dx| dsin|c | sinIntegral| d x|

pl/3 pl/3 pl/3 pl/3

g 34/3 p2/3 ! 9ab '
(-1)*? cos|c- "—1%} SinIntegral [4’—1% +dx]
b/ bt/

+
9 a4/3 b2/3

dsin[c- 22224  sinIntegral | li)% +dx]

pl/3

9ab

Result (type 7, 408 leaves):
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1
18ab (a+bx3)

(a+bx?) RootSum[a + b1 &, x (-iCos[c+dnl] CosIntegral|d (x-=1) ]| - CosIntegral |
ol

d (x—nl)] Sin[c+d#1] - Cos[c+dnl] SinIntegral|d (x—ml)} +
iSin[c+dnl] SinIntegral|d (x-#1)] +dCos[c+dn1] CosIntegral|d (x -=1) | n1 -
idCosIntegral|d (x-#1)]Sin[c+dnl] #1-1idCos[c+dul]

SinIntegral|d (x-1)] #1-dSin[c+d#1] SinIntegral|d (x-#1) | n1) &] +

(a+bx?) Rootsum|a+ bl g, 1 (i Cos[c+dwul] CosIntegral|d (x-ul)] -
=1

CosIntegral[d (x-1)] Sin[c+d#1] - Cos[c+dnl] SinIntegral[d (x-n1)] -
iSin[c+dnl] SinIntegral|d (x-#1)] +dCos[c+du1] CosIntegral|d (x -u1) | #l+
idCosIntegral|d (x-#1)]Sin[c+dnl] #l+idCos[c+dnl] SinIntegral|d (x -u1) |

#1-dSin[c+d#1] SinIntegral|d (x—ttl” 1) &| -6bx*sin[c+dx]

Problem 105: Result is not expressed in closed-form.

Sin[c +dx]
Jidlx

(a+bx3)2

Optimal (type 4, 735leaves, 36 steps):
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(—1)2/3 dCos[c+ (H—a—d v md] CosIntegral [t —a—d Vallfd x|

pl/3 pl/3

9 a4/3 b2/3 *
d Cos [c - ab/ >d ] CosIntegral [ +d x]
9 a4/3 p2/3 N
(-1)*?dcos[c- 21 Zf/}al/zd} CosIntegral [ 1 —a—d ;’/13:1’/3" +dx]
9 34/3 p2/3 "
2CosIntegr‘al[ +dx] Sin|c- %]
9 a5/3 pl/3 -
2 (-1)* CosIntegral [ =< - Pald _gx] sin[c+ L2224
b1/3 bl/3
N
9 35/3 pl/3
2/3 (-1)?/3al/2d . _1)2/331/3 ¢
2 (-1) CosIntegral| o +dx] sin[c- 1—)—b1/3 ] Sinc+dx]
g 35/3 pl/3 * 3abx2 B
1/3 (7111/3 1/3 1 1,331/3
Sin[c +dx] 2 (-1)*7cos|c+ b3 %] sinIntegral] Y ~dx]
3bx? (a+bx?) : 9 a5/3 pl/3 -
(-1) 234 sin [c+ (L1 Card :;3/;’1/3 | sinIntegral| L7 alfd :13:1/3 -dx]
9 a4/3 b2/3 *
2Cos|c- ab’ d] SlnIntegr‘al[a/ ¢+dx] dsinf[c- ab’ 4] SlnIntegral[ +dx]
9a5/3 b1/3 N 934/3 b2/3 -
2 (-1)*?cos|c- 1’—1)%} SlnIn‘cegr‘al[1’—1):3i +dx]
9 a5/3 b1/3 *
(-1)*?dsin[c- =g :f/,fl 4] SinIntegral| (1 ad :13:1/3 +dx]
9 a4/3 b2/3

Result (type 7, 406 leaves):
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1
18ab (a+bx3)

(a+bx?) RootSum|a + b1 g, iz (-21 Cos[c+dnl] CosIntegral|d (x-#1)] -2
iy |

CosIntegral[d (x-#1) ] Sin[c+d#1] -2 Cos[c+du1] SinIntegral[d (x -#1) ] +
2iSin[c+dul] SinIntegral[d (x -#1) ] +dCos[c+d#n1] CosIntegral|d (x-#1) ] ul-
idCosIntegral|d (x-#1)]Sin[c+dn1] #1-1idCos[c+dwl]

SinIntegral[d (x-n1)] #1-dSin[c+d#1] SinIntegral|d (x -#1) | n1) &] +

(a+bx?) RootSum|a +b1? &, % (24 Cos[c+du1] CosIntegral[d (x-#1) ] -
=1
2 CosIntegral[d (x-#1)] Sin[c+d#1] -2 Cos[c+d1] SinIntegral[d (x-1)] -
2iSin[c+d#l] SinIntegral|d (x—nl)] +dCos[c+d#l] CosIntegral|d (x—iil” g1+
idCosIntegral|d (x-#1) ] Sin[c+dnl] #1+idCos[c+dnl] SinIntegral|d (x -=1) |

#1-dSin[c+dul] SinIntegral|d (x-#1) | #1) &] -6bxSin[c+dXx]

Problem 106: Result more than twice size of optimal antiderivative.

dx

JSin[c +dx]

X (a+bx3)2

Optimal (type 4, 693 leaves, 41 steps):
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(-1)*?dcos[c+ 1—1&] CosIntegr‘al{"—lm - dx]

b1/3 p1/3
9 a5/3 b1/3
d Cos [c ] CosIntegral [ +d x]
9 35/3 pl/3 -
2/3 _1)2/331/3 ¢ _1)2/3 31/3 ¢
(-1)**dCos|c- 1—)—b1/3 | CosIntegral| 1—)—b1/3 +dx] CosIntegral [d x] Sin[c]
9 35/3 p1/3 " 32 -
CosIntegr‘al[ +dx| sin[c - al’/ﬁ} CosIntegral| LNafd g x| sin[c+ 1’—1%}
p1/3 p1/3 p1/3
3 az 3 aZ
( 12/3 al 3 . ( 112/3 1/ 3d
CosIntegr‘al[ b1/ +dx] Sln[c - pl/3 } Sin[c +d x] Sin[c +dx]
+ - +
3a2 3abx3 3bx3 (a+bx3)
(71}1/3 a1,3 71)1/3 al/3
Cos[c] SinIntegral[dx] C¢°S [c+ oy %] sinIntegral b1/ ~dx|
+ +
a2 3 a?
(-1) Y2 dsinfc+ 1’—1)%} SinIntegral| 1’—1)% dx|
9 a5/3 b1/3 N
Cos [c - o ] SlnIntegr‘al[ +dx] dSin|c- ab/ d} SlnIntegr‘al[ +dx]
3a? : 9 35/3 p1/3 -
Cos [c - 1—1)%} SinIntegral| 1’—1);’:3""—1/3 +dx]
.
3a?
(-1)*?dsin[c- 1’—1)%} SinIntegral | 1’—1)% +dx]
9 a5/3 b1/3

Result (type 4, 1819leaves):
Sin[c]

CosIntegral[dx] (71)1/3 al’3d

Cos | | CosIntegral]

_ [(3 bl/3 _ o (_1>1/3 bl/3 .3 (_1>2/3 b1/3)

a2 pl/3
_1)\1/3 31/3 4 _1\1/3 31734 _1)1/3 31734
—Hl—/:erx] +Sin[<>1—/:] SinIntegr‘al[Hl—/sa—dx} /
b b b
((1+ (71)1/3)2a2 b1/3) + (21722 (71>1/3+21 (—1)2/3) pl/3
Cos [d X] id CosInt ) (-1)*2at3d g
S s s ia) T pasd |CosIntegra [_—b1/3 +dx|
b (— (-1)*?a'3+b x)
_1)1/3 413 ¢4 _1)Y/3 4173 ¢4 _1)1/3 313 4
Sin[()—a] +Cos[<>—a} SinIntegral[()—afdx} /
pl/3 pl/3 pl/3
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(3 (—1+ (—1)1/3) (1+ (-1)1/3)235/3) _

c 1/3d CosInt 1 a1/3d d < a1/3d cinInt 1 a1/3d
( os| | CosIntegral| +dx] +Sin| | sinIntegral| o
((-2+ (-2)*2) (24 (-1)*2) a2b23)

(26223 (-1)2 612 3 (-1)27 b2

+dx})

/

bt/3 pl/3 h1/3

(22-21 (-1)"2 421 (-2)*2) b2 |- Cos [d x] L1
pl/3 (a1/3+b1/3 X) p2/3
1/3d a1/3d a1/3d a1/3d
d (CosIntegr‘al[ +dx]| sin| | - Cos| | sinIntegral| +dx}) ]/
b1/3 b1/3 b1/3 b1/3

(3 (—1+ (—1)1/3) (1+ (—1)1/3)2a5/3) B

(2672 -3 (-1)2 b2 4 3 (-1)? b23)

(_1) 2/3 a1/3 d

b1/3

_1>2/3 a1/3 d

b1/3

_1> 2/3 a1/3 d

b1/3

/ ((-2+ (-2)*2) (24 (-1)*2)" @2b23)

] CosIntegr‘al[ +d x] + Sin[

[Cos[

(_1) 2/3 a1/3 d

SinIntegral | 0
b

+dX]

(22 bl/3 _ 21 (71>1/3 bl/3 4 21 <71>2/3 b1/3) [ Cos [d x] . 1

pl/3 ( (-1) 2/3 41/3 | p1/3 x) b2/3

<_1>2/3 a1/3 d

b1/3

1 2/3 1/3d
+d x| Sin[()—a -

d (CosIntegr‘al[ "
b

1 2/3 1/3d 1 2/3 1/3d
()—a} SinIntegr‘al[()—a

cos[ 1/3 1
b pl/3

+dX]

/(3 (1+(-2)) 53] | +

SinIntegral[d x]
2

Cos[c] - (36T -2 (-1) 224 3 (-1) 2 p22)

a

pl/3

_1)\1/3 31/3 4
+dx} Sin[—< > 2 -

(CosIntegr‘al [- "
b

<_1> 1/3 a1/3 d

b1/3

(_1> 1/3 a1/3 d

Cos|
b1/3

] SinIntegral [ -d x}

/ ((1+ (—1)1/3)2a2 bl/B) +

Sin[dx] 1

hl/3 (7 (-1)%/2 al/2 4 pt3 x) ’ b2/3

[(21_22 (-1)*?+21 (_1>2/3) p1/3 | _

(_1) 1/3 a1/3 d

b1/3

(_1) 1/3 a1/3 d

| CosIntegral|- s

d (Cos[ +dx] +
(_1>1/3 a1/3 d

b1/3

1 1/3 a1/3 d
Sin| | sinIntegral| HT -dx]

/

(3 (10 (-1)*2) (1+ (-2)2) 7 a52) - [(2b1/33 (1) 02 03 (-1) 2202
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a1/3 d a1/3 d a1/3 d a1/3 d
(—CosIntegr‘al[ +dx] sin| | +Cos | | sinIntegral|
b1/3 b1/3 b1/3 b1/3

((-1+(-2)*?) (2+ (—1)1/3>2a2 613 +

+d X]

|/

(22_21 (_1>1/3+21 (_1)2/3) pl/3 | _ Sin[dx] +i
pl/3 (al/S + bl/3 X) b2/3
al’3 d al’3 d al’3 d al’3d
d (Cos[ | CosIntegral| +dx] +Sin| | sinIntegral| +dx}) ]/
bl/3 pl/3 bl/3 bi/3

(2672-3 (-1)2 243 (-1)2 22

(_1) 2/3 a1/3 d

b1/3

<_1>2/3 a1/3 d

b1/3

/ ((-1+(-2)*2) (2+ (—1)1/3)2a2 b3 +

(_1> 2/3 al/3 d

+dx} Sin[ Y

(CosIntegr‘al [ } + Cos [

(_1> 2/3 al’3d

SinIntegral | 0
b

+dX]

(22 bl/3 _ 21 (71>1/3 bl/3 ;21 <71>2/3 b1/3) [ Sin[dx] . 1

pl/3 ( (71> 2/3 41/3 | p1/3 X) b2/3

(_1) 2/3 a1/3 d

pl/3

(_1>2/3 a1/3 d

d (Cos[
b1/3

| CosIntegral| +dx] +
(71>2/3 al/3d

bl/3

(71> 2/3 a1/3 d

Sin|
b1/3

| sinIntegral| +dx|

/(22 -0 )

Problem 107: Result is not expressed in closed-form.

dx

jsin[c+dx}

x2 (a+bx3)2

Optimal (type 4, 712leaves, 47 steps):
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dCos[c+ ﬁm} CosIntegral| Lnatld g x|

P
bl/3

d Cos[c] CosIntegral[dx] oy
B +
a® 9a2
dCos[c - 22%] cosIntegral[ 229 1 dx]| dCos[c- “L2224] cosIntegral [ L2222 | x|
b?/? b2 bl/3 pl/3
i +
9 a2 9 a2
4b'/3 CosIntegral | a2d 4 x] sin[c- a'/?d ]
pl/3 p1/3
937/3 *
4 (-1)%?b'3 CosIntegral [ L2224 g x] sin[c (o2l ]
b1/ b1/
9a7/3 -
4 (-1) 1% bl/3 CosIntegral | 1’—1% +dx] sin[c - 17_1)%}
b/ b1/
+
9a7/3
Sin[c+dx] 4Sin[c+dx] Sin[c +dx] dSin[c] SinIntegral[dx]
3abx* 3a2x 3bx4(a+bx3) 22
/3 a1/ . _1y1/3 51/
4 (-1) 2/3 p1/3 Cos [c+ 1'—1%] SlnIntegr‘al[l—l% ~dx]
937/3 +
dsinfc+ 1’—1%} SinIntegral| i’—l% ~dx]
b/ b1/ .
9a2
4V Cos[c - 2 7¢] sinIntegral [1 7+ dx]  dsin[c- * 7] sinIntegral [ 27 + dX]
p1/3 pl/3 bi/3 oy
937/3 g 22
4 (-1) Y3 p1/3 Cos [ c - 1*_1>:’13:—1/3d] SinIntegr‘al[l’—l)% +dx]
9a7/3 -
dsinfc- 1’—1%} SinIntegral| 4’—1% +dx]
b/ b1/
9a2

Result (type 7, 445leaves):
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1
) ((3a+4bx3) Cos[dx] Sin[c] + (3a+4bx?) Cos[c] Sin[dx] -

3aZx (a+bx3

1
~x (a+bx?) |18d Cos[c] CosIntegral[dx] + RootSum|a +bn1? &,

6
1 (-41iCos[c+dnl] CosIntegral[d (x-1)] -4 CosIntegral|d (x-#1)] Sin[c+du1] -
=1
4 Cos[c+dnl] SinIntegral|d (x-n1)] +4iSin[c+du1] SinIntegral|d (x-#1) ] +
dCos[c+dnl] CosIntegral|d (x-#1) | #1-idCosIntegral|d (x - 1) |
Sin[c+d#1] #1-1idCos[c+d#l] SinIntegral[d (x -1) | #1-
dSin[c+dnl] SinIntegral|d (x-#1) ]| #1) &| + RootSum|a +b1® &,
1

— (41iCos[c+dnl] CosIntegral|d (x-n1)| -4 CosIntegral[d (x-#1)] Sin[c+du1] -
=1
4 Cos[c+dnl] SinIntegral[d (x-1)] -4iSin[c+dul] SinIntegral|d (x-u1)] +

dCos[c+dnl] CosIntegral|d (x-#1) | 1+ 1idCosIntegral|d (x-#1) |
Sin[c+d#1] #1+1dCos[c+d#l] SinIntegral[d (x -m1) | #1-

dSin[c+dnl1] SinIntegral|d (x-#1) | #1) &) -18dSin[c] SinIntegral[d x]

Problem 108: Result is not expressed in closed-form.

dx

JSin[c+dx}

x3 (a+bx3)2

Optimal (type 4, 800 leaves, 51 steps):
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(-1)%7b*3dcos|c+ "—”u} CosIn‘cegr‘al{4’—1)1’/3""—1’/3d -dx|

dCos[c+dx] pl/3 bi/3
2a%x 9a’/3
bl/3d Cos [c _ald ] CosIntegral [ a¥2d | g x}
p1/3 p1/3
9a7/3 *
(-1)*?bY3dCos|c - 1'—1%] CosIntegr‘al[‘i)M +dx|
bl/3 bl/3
9a7/3 -
2/3 . al/3 d
d? CosIntegral[dx] Sin[c] 5b%" CosIntegral { +d X] Sin [c T ]
2 a2 ) 938/3 '
5 (1) b?/3 CosIntegral [ —2—d :::1/3 -dx] sin[c+ g :/13/3 2/ d ]
g 38/3 -
5 (-1)*? b?/? CosIntegral | 1'—1)% +dx] Sinfc- 1—1%}
9a8/3 "
Sin[c+dx] 5Sin[c+dX] Sin[c +dx] d? Cos[c] SinIntegral [d x]
3abxs 6 a2 x? C3pxS (a+bx3)_ 2a? )
5 (-1)*2b?3Cos|c+ 1—1&] SinIntegral [{1020d g x|
bl/3 b1/3
9 38/3 -
(-1)*?bY3dsin[c+ ﬂ)%] SlnIntegr'al[1’—1);’:3—1/3 d x|
9a7/3 h
5 b2/3 Cos [ c - ] SlnIntegr‘al[ +dx} bl/3dsin[c - ®¢] sinIntegral[® 2 . dx]
bl 3 bl/3
N _
9a%/3 9a7/3
5 (-1)%2b%3Cos|c - 1—1&] SinIntegral [ {10204, g x|
b1/3 p1/3
9 38/3 -
(-1) Y3 p3dsin|c- 1—1)%] SinIntegral [1’—1)::‘—1/3 +dx]
9 37/3

Result (type 7, 4701leaves):



54 | Mathematica 11.3 Integration Test Results for 4.1.11 (e x)~m (a+b x~n)~p sin.nb

1
18 a?

RootSum[a + b #1* &, % (-51iCos[c+dnl] CosIntegral[d (x-#1)]| - 5CosIntegral[d (x - 1) ]
=1

Sin[c+dn1] -5Cos[c+dul] SinIntegral|d (x -=1) | +
5iSin[c+dul] SinIntegral[d (x -#1)] +dCos[c+d 1] CosIntegral|d (x-#1) ] ul-
idCosIntegral|d (x-#1)]Sin[c+dn1] #1-1idCos[c+dl]
SinIntegral|d (x-n1)] #1-dSin[c+d#1] SinIntegral|d (x-#1) | n1) &] +
RootSum|a + b 11’ &, % (54 Cos[c+dn1] CosIntegral|d (x-u1) | -
71
5 CosIntegral[d (x-#1)] Sin[c+d#1] -5Cos[c+d#1] SinIntegral[d (x-#1)] -
5iSin[c+dul] SinIntegral[d (x -#1) ] +dCos[c+d 1] CosIntegral|d (x-#1) | 1+
idCosIntegral|d (x-#1)]Sin[c+dnl] #1+idCos[c+dnl] SinIntegral|d (x - 1) |
1
X2 (a+bx3)

3 (3adxCos[c+dx] +3bdx*Cos[c+dx] +3d?>x* (a+bx?) CosIntegral[dx] Sin[c] +

#1-dSin[c+dul] SinIntegral[d (x -#1) | #1) &) -
3asin[c+dx] +5bx>Sin[c+dx] +3d*x* (a+bx?) Cos[c] SinIntegral[dx])

Problem 109: Result is not expressed in closed-form.

x3Sin[c+dx]
J— dx

(a+bx3)3

Optimal (type 4, 772 leaves, 71 steps):
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dCos[c+dx] dCos[c+dx]

- +
18 a b2 x 18 b2 x (a+bx?)
al/3 d . al/3 4 P al/3 4 . al/3 4
CosIntegral| Y dx] sin[c- bl—a} d? CosIntegral | Yk dx] sin|c- bl—/;}
sl , s
27 a5/3 b4/3 54ab2
(-1)*3 CosIntegr‘al["—”%l/3d ~dx] sin[c+ 4’—1)%1/3"}
b, b1/
27 a5/3 b4/3 *
d? CosIntegral | Q)% ~dx] Sin[c+ Q)%]
N
54 a b?
(-1)? CosIntegral [ A —a—d Zifl’/” +dx] sin[c - FA—a—d ::/fl"sd}
N

27 a5/3 b4/3

2/3 J1/3 . _1)2/3 41/3
d? CosIntegral { (LHY7avrd | g x} Sin [c _ j_l)a—d]

bl/3 bl/3 Sin[c+dx] xSin[c+dx]
+ _ _
54 a b? 18 a b? x? 6b(a+bx3)2
1/3 _1)1/3 31/3 ¢ . _1)1/331/3 4
Sinfc+dx] (-1)*?cCos[c+ i—)—bl/,s | sinIntegral| 1—)—b1/3 -dx]
" _
18b? x? (a+bx?) 27 a°/3 b*/3
d? Cos[c + 4’—1)%1/3‘1] SinIntegral| i’—l% ~dx]
bY/ bY/
+
54 a b?
Cos [c - ﬂ] SinIntegral [ al/# +d x] d? Cos [c - ﬂ} SinIntegral [ ald g x}
pl/3 pl/3 pl/3 pl/3
+ +
27 a5/3 b4/3 54ab2
(-1)*7 cos|c- 1—_1%} SinIntegral [ﬂm +dx]
b1/3 bl/3
+

27 a5/3 b4/3

d? Cos [ c - 4’—1%] SinIntegral| L1)22aPd g q

pl/3 pl/3

54 a b?

Result (type 7, 457 leaves):
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1
108 a b?

i RootSum|[a + b 1> &, % (2Cos[c+dn1] CosIntegral|d (x-#1)| -2 i CosIntegral|d (x-#1) |
=1
Sin[c+d#1] - 21 Cos[c+dnl] SinIntegral|d (x-#n1)] -
2sin[c+dn1] SinIntegral|d (x-#1) | +d?Cos[c+d 1] CosIntegral|d (x - 1) | #1? -
i d? CosIntegral|d (x-1)] Sin[c+du1] #1% - i d? Cos[c +d 1]
SinIntegral[d (x-#1)] #1%-d?Sin[c+d 1] SinIntegral|d (x-=1) | u1?) &] -

i RootSum|a + b #1° &, iz (2Cos[c+dn1] CosIntegral|d (x-=1) | +
ol

2 i CosIntegral|d (x—nl)] Sin[c+d#1] +2 1 Cos[c+dnl] SinIntegral|d (x—ul)] -
2Sin[c+d#1] SinIntegral[d (x-#1) | +d?Cos[c +dn1] CosIntegral|d (x - 1) | =12+
i d” CosIntegral|d (x-1)] Sin[c+du1] #1%+ i d? Cos[c +d 1]
SinIntegral[d (x - 1) ] #1%-d?Sin[c+d 1] SinIntegral|d (x - 1) | #1?) &] +
6bx (dx (a+bx?) Cos[c+dx] + (-2a+bx?) Sin[c+dx])

<a+bx3)2

Problem 110: Result is not expressed in closed-form.

dx

sz Sin[c+dx]

(a+bx3)3

Optimal (type 4, 777 leaves, 37 steps):
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(-1) Y3 dcos[c+ Al v al/sd] CosIntegral [ 1 —a—d Yattd g x|

dCos[c+dx] dCos[c+dx] bl/3 p1/3
- - +
18 a b? x2 18 b2 x2 (a+bx3) 27 a%/3 b*/3
dCos|c- ab/ d] CosIntegr'al[ +dx]

27 a5/3 b4/3 -

(-1)*?dcos|c- 1’—1%} CosIn‘cegr‘al[1’—1)2/3&‘—1’/3d +dx]

p1/3 pl/3

27 a5/3 b4/3

+dx] Sin[c- al/gd]

p1/3

d? CosIntegral [

54 a4/3 b5/3

(-1)?" d? CosIntegral [ 2"#24 _d x| sin[c+ 7200 |

pl/3 pl/3

54 a4/3 b5/3 -

(-1) 1% d2 CosIntegral [ - —2—4 Matltd | g x| Sin[c - A—2d 228t/ d ]

b1/3 bl/S

54 a4/3 b5/3

(-1)%?d2Cos[c+ 24 a2 d ] SinIntegral[ﬂm—dx}
p1/3 pl/3
N _

6b<a+bx3)2 54 34/3 p5/3

Sin[c +dx]

(-1) 3 dsin [c+ AHA—2d 12 ab Bd} SinIntegral [ 1—2—4 Vallfd g x|

pl/3 pl/3

27 a5/3 b4/3

d? Cos[c - ab/ d} SlnIntegr‘al[ dx] dSin[c L ] SlnIntegr‘al[ dx}
- +
54 a%/3 p>/3 27 35/3 p4/3
(-1)*?d?Cos[c - A —=d Z/g,al/gd] SinIntegral [ H—2—¢ Vald g x|
pl/3 pl/3

54 a4/3 b5/3

(—1)2/3 dSin|c- 4—1&} SlnIn‘u:egr'al[l’—l)M d x|

pl/3 bl/3

27 a5/3 b4/3

Result (type 7, 449 leaves):
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1
108 a b?

i d RootSum|a + b #1? &, % (-21Cos[c+dnl] CosIntegral|d (x-n1)] -2 CosIntegral|d
1
(x-#1)] Sin[c+d#1] -2Cos[c+dul] SinIntegral[d (x -#1) | +
2iSin[c+dul] SinIntegral|d (x-#1) | +dCos[c+dnl] CosIntegral|d (x-n1) | #l-
i dCosIntegral[d (x-#1)]|Sin[c+dn1] #1-1idCos[c+dul]
SinIntegral[d (x-#1)] #l-dSin[c+d#l] SinIntegral|d (x-#1) | u1) &] -
i d RootSum[a + b =13 &, % (2i Cos[c+dn1] CosIntegral|d (x -#1) ] -
ol
2 CosIntegral|d (x—ml)] Sin[c+d#1] -2Cos[c+d#l] SinIntegral|d (x—Hl” -
2iSin[c+dul] SinIntegral[d (x -#1) ]| +dCos[c+dnl] CosIntegral[d (x-u1) ] #1 +
idCosIntegral|d (x-#1)]|Sin[c+dn1] #l+idCos[c+dul]
SinIntegral|d (x-1)] #1-dSin[c+d#1] SinIntegral|d (x-#1) | n1) &] +
6bCos[dx] (dx (a+bx?) Cos[c] -3aSin[c])

(a+bx3)2
6b (3aCos[c] +dx (a+bx?) Sin[c]) Sin[dx]

(a+bx3>2

Problem 111: Result is not expressed in closed-form.

xSin[c+dx]
J—dlx

<a+bx3)3

Optimal (type 4, 1141 leaves, 89 steps):



Mathematica 11.3 Integration Test Results for 4.1.11 (e x)”™m (a+b x~n)”~p sin.nb | 59

2dCos [c + L1224 cosIntegral [ L2 gy

dCos[c+dx] dCos[c+dx] bl/3 bl/3
18 ab? x3 18 b2 x3 (a+bx3) 27 a’b
2dCos|c - " ] CosIntegral [ +dx] 2dCos|c- 1’—1)%] CosIntegral| 4—1)::3—1/3 +dx]
27 a’b 27 a%b
2CosIntegr‘a1[ +dx] Sin|c- %] d? CosIntegr‘al[ +dx} Sin|c- %}
27 a7/3 b2/3 i 54 aS/3 b4/3 -
2 (-1)%3 CosIntegr‘al{i’—l)% dx] sinfc+ 1’—1)1/3—1/3‘1]

b1/3

27 a7/3 b2/3

(-1)* d? CosIntegral [ F2"#24 _d x| sin[c+ 17200

pl/3 pl/3
+
54 g°/3 p4/3
_1)2/3 31/3 . _1)2/3 31/3
2 (-1)"? CosIntegral [ 24 4+ d x| Sin|[c - 2]
bY/ bY/
+

27 a7/3 b2/3

(-1)? d? CosIntegral [ 1224 224, dx] sin[c- L]

p1/3 p1/3 Sin[c+dx] 2Sin[c+dx]
_ + _
54 a°/3 p4/3 18 ab? x* 9a’bx
2/3 (1)atd (1)2ald
Sin[c +dx] Sin[c +dx] 2 (-1)*7 Cos[c+ oy ] sinIntegral | s 4 x]
+ + +
6bx(a+bx3)2 18 b2 x* (a+bx3) 27 a7/3 p2/3

(—1)1/3 d? Cos[c + LniPatld | sinIntegral | FH—2d Vatfd g x|

pl/3 pl/3

54 a5/3 b4/3

2dSin|c+ ﬂm} SinIntegr‘al[i'—lm—dx] 2Cos|c - 2/ d} SlnIntegr‘al[ +dx]
pl/3 pl/3 bl/
27 a%b ) 27 a’/3 p?/3 :
d? Cos [ c - ﬂ} SinIntegral| a¥2d | g x| 2dsin[c- a2 d | sinIntegral] a2d g q
bl//3 b1/3 3 bl 3
54 a°/3 p*/3 : 27a’b :
2 (—1)1/3Cos[c—"—lm} SlnIn‘cegr‘al[i’—l)M dx|
b1/3 p1/3
N

27 a7/3 b2/3

(-1) 2% g2 cos [ ¢ - A4 v amd] SinIntegral [ H—2—¢ z/f/:l/gd +dx]

pl/3
54 a5/3 b4/3

2dsin[c- 1’—1%} SinIntegral| LNad g q

b1/3

+

pl/3

27 a%b

Result (type 7, 698 leaves):
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1
108 a2 b?

1
RootSum|a + b #1? &, ; (-iad?Cos[c+dnl] CosIntegral|d (x-#1) | - ad®CosIntegral|
d (x-#1)]Sin[c+du1] -ad®Cos[c+dul] SinIntegral[d (x-u1)] +

iad?Sin[c+dnl] SinIntegral|d (x-#1)| -41ibCos[c+d1]

CosIntegral[d (x - 1) ] #1-4b CosIntegral|d (x-#1) | Sin[c+dnl] 1l -
4bCos[c+dul] SinIntegral|d (x-#1) | #1+41ibSin[c+dul]

SinIntegral[d (x-1)] #1+4bdCos[c+dul] CosIntegral|d (x - 1) | n1®-
41ibdCosIntegral|d (x-=1) | sinfc+d#1] #12-4ibdCos[c+dHl]

SinIntegralld (x—l:tl)] 712 -4bdSin[c+d#1] SinIntegral|d (x—ttl” m12) &) +

1
RootSum[a + b #1? &, — (iad®Cos[c+dnl] CosIntegral[d (x-11)] -
=1

ad? CosIntegral|d (x-n1) | Sin[c+dnl] -ad?Cos[c+d 1] SinIntegral|d (x-#1) | -
iad?Sin[c+d#l] SinIntegral[d (x-#1)] +41ibCos[c+dl]

CosIntegral[d (x-1)] #1-4b CosIntegral|d (x-#1) ]| Sin[c+dnl] nl-
4bCos[c+dul] SinIntegral|d (x-#1) | #1-41ibSin[c+dnl]

SinIntegral[d (x-#1)] #1+4bdCos[c+du1] CosIntegral|d (x -#1) | n1%+
41bdCosIntegral|d (x-=1) | sin[c+d#1] #12 +4ibdCos[c+dHl]

SinIntegral[d (x-#1)] #1?-4bdSin[c+dn1] SinIntegral|d (x-#1) | #1?) &] -

6bCos[dx] (ad (a+bx?) Cos[c] +bx? (7a+4bx?)Sin[c])

(a+bx3)2
6b (bx? (7a+4bx?) Cos[c] -ad (a+bx?) Sin[c]) Sin[dx]

(a+bx3’)2

Problem 112: Result is not expressed in closed-form.

dx

Jsin[c +dx]

(a+bx3)3

Optimal (type 4, 1161 leaves, 99 steps):
dCos[c+dx] dCos[c+dXx] dCos[c+dx]
18ab?x* 18 a?b x 18 b2 x* (a+bx3)

(-1)*?dcos[c+ 1’—1@} CosIn‘cegr‘al[i’—l)Ll/3d -dx|

pl/3 pl/3

+
9 a7/3 b2/3

3

dCos|c- a;%] CosIntegral[®—% i dx|

at/
p1/3

9 a7/3 b2/3

(-1)*?dcCos|c- ﬂm} CosIn‘cegr‘al[1’—1)2’/33—1’/3d +dx]

p1/3 b1/3

+
9 a7/3 b2/3

1
p1/3 p1/3 pl/3 pl/3

5 CosIntegral | 224 1 d x| sin[c-224] 42 CosIntegral[ -2 +d x| Sin[c - &}

27 a8/3 pl/3 54 aZb
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5 (-1)*? CosIntegral [+ —2—4 Valltd g x| sin[c + (1) a1/3d}

pl/3 bl/3
27 a8/3 pl/3

1/3 41/3 . _1)1/3 31/3
d? CosIntegral [ F1—2—4 _d x| Sin[c + 2]

b1/ pl/3
+
54a%b
2/3 J1/3 . _1)2/3 31/3
5(-1)%7? CosIntegr'al[1’—1)b1/3""—0I +dx] Sin[c- H—ad bl/ga 4]

27 a8/3 b1/3

d2 CosIntegr‘al [ (-1)¥*a¥3d +d X} Sin [C B (-1)2/3a%/3 4 ]

p1/3 p1/3 Sin[c+dx] SSin[C-%—dXJ
_ N _
54 a%b 9ab?x° 18 a2 b x2
1/3 (1)¥2aY%d 7 s (-1)*3a'3d
Sinc+dx] Sinfc+dx] 5 (-1)*°Cos|[c+ o | sinIntegral]| o -dx]
+ + +
6 b x2 (a+bx3>2 9b?x° (a+bx3) 27 38/3 p1/3
d? Cos[c + 4’—1):;‘—1/3"] SinIntegral| 4’—1% -dx|
- - +

54 a%b

(-1) ??dsinfc+ 1’—1%} SinIntegral| 1’—1)%1% -dx]
bY b/
.
9 a7/3 p2/3
5Cos|[c - ﬂ] SinIntegral| ald | 4 x|
b1/3 p1/3

27 38/3 b1/3

d? Cos [c - ﬂ} SinIntegral | ald g x] dsin[c- ﬂ] SinIntegral| a2d g x|
bl//3 bl//3 b1/3 bl/3
- +
54a2b 9a’/3p2/3
5(-1) 2% Cos[c - 1’—1%} SinIntegral| 1’—1)%1% +dx]
b/ b/

27 a8/3 b1/3

2/3 41/3 . _1)2/3 31/3
d? Cos [c - A-—2—d] sinIntegral | 1—1)bl:—d +d x|

pl/3
+
54 a%b
. _1)2/3 51/3 . _1y2/3 31/3
(-1) Y2 dsinfc- 4—1)#} SinIntegral| l—l)bl/;’—d +dx|
9 37/3 p2/3

Result (type 7, 675leaves):
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1
108 a2

7?1 RootSum|a + b #1? &, % (-1@Cos[c+dn1] CosIntegral|d (x-#1) | +10 i CosIntegral |
f
d(x-#1)]Sin[c+d#l] +10i Cos[c+du1] SinIntegral|d (x - 1) ] +
10Sin[c+dnl] SinIntegral|d (x-#1)] -61idCos[c+d 1]
CosIntegral[d (x - 1) ] #1-6d CosIntegral|d (x-#1) | Sin[c+dnl] 1l -
6dCos[c+dnl] SinIntegral|d (x-#1)] #l+6idSin[c+dnl]
SinIntegral|d (x-1)] #1+d”Cos[c+d1] CosIntegral[d (x - 1) ] #1? -
i d? CosIntegral[d (x -=1) | sinfc+du1] #12 - i d? Cos [ +d 1]
SinIntegralld (x—nl)] 7112 - d? Sin[c + d #1] SinIntegral|d (x - 1) | #12) &] +
1

i i RootSum|[a + b =13 &, (-1@ Cos[c+dn1] CosIntegral [d (x-=1) |-

112
10 i CosIntegral[d (x -#1) | Sin[c+d#1] -1@ i Cos[c+d#1] SinIntegral[d (x - 1) | +
10 Sin[c +dnl] SinIntegral[d (x-#1)] +6idCos[c+d#1]
CosIntegral[d (x -#1) | #1-6dCosIntegral|d (x-=1) ]| Sin[c+dnl] #l-
6dCos[c+dmnl] SinIntegral|d (x-#1)] #1-61idSin[c+d 1]
SinIntegral|d (x-m1)] #1+d*Cos[c+d#1] CosIntegral[d (x-1)] #1? +
i d? CosIntegral[d (x-#1) | Sin[c+d 1] #1% + i d? Cos[c +d 1]
SinIntegral[d (x-1)] #1?-d?Sin[c+d 1] SinIntegral|d (x - 1) | #1?) &] -
6xCos[dx] (dx (a+bx®) Cos[c] - (8a+5bx?)Sin[c])
.

<a+bx3)2
6x ((8a+5bx3) Cos[c] +dx (a+bx?) Sin[c]) Sin[dx]

<a+bx-”)2

Problem 113: Result more than twice size of optimal antiderivative.

dx

Jsin[c +dx]

e (a+bx3)3

Optimal (type 4, 1163 leaves, 110 steps):
dCos[c+dx] dCos[c+dXx] dCos[c+dx]
18ab? x® 18 a% b x? 18 b%x* (a+bx3)

4 (-1)*?dcos[c+ ﬂm] CosIntegr‘al[i’—l)M—dx]
p1/3

pl/3

27 a8/3 b1/3

4dCos|c - a;f,zd | CosIntegral] a;;—;d +dx]

/

27 a8/3 b1/3

4 (-1)*?dcos|c- Q)L”d] CosIn‘cegr‘al[i’—l)Ll/SOI +d x|

pl/3 pl/3

27 a8/3 b1/3 i

1/3 . 1/3
CosIntegral|[ 2% +dx| Sin[c- 2—1]
b1/3 p1/3
- +

a3 3a3

CosIntegral[dx] Sin[c]
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d? CosIntegral [ +d x] Sin [c - B;Zd ] CosIntegral { 1;1);333—% » X} i [C ) 1;1)%]
54 a7/3 b2/3 B . .
(~1)*” d? CosIntegral [ -2 —d x| sin[c+ L

54 a7/3 b2/3

CosIntegral[ii)M dx] sin[c - uw}

b1/3 b1/3

3a3

(-1)* d? CosIntegral | (1?Patld g x| sin[c- le]

pl/3 pl/3
54 a7/3 b2/3
Sin[c+dx] Sin[c+dXx] Sin[c+dx] Sin[c+dx]

6 a b2 x° : 3a2bx3 6bx3 (a+bx3>2+6b2x6(a+bx3)

1/3 31/3 ¢ X 1y1/3 13
Cos[c+ -4 ] sinIntegral [ 29 _d x|
bl/3 b1/3
+ -
a3 333

Cos[c] SinIntegral[d x]

(—1) 2/3 d? Cos [C + i_—lm] Sj_n:[ntegr\al [ i-_lm —d X]

bt/3 pl/3

54 37/3 p2/3 *

4 (—1)1/3dSin[c + l*_l)M] SlnIntegr‘al[M dX]

bl/3 bl/3

27 a8/3 b1/3

Cos [c - al’zd ] SinIntegral [ a;lld +d x] d? Cos [c - ab/l/ d } SlnIntegr‘al[ +d x}
3a3 : 54 a7/3 p2/3 *
4dsinfc- 2/ d} SlnIntegr‘al[ +dx] Cos|[c - QM] SinIntegr‘al[i'—l)M+dx]
b/ bl/3 pl/3
27 38/3 p1/3 - 3 33 -
(-1)*?d?Cos[c - 24 Vet | sinIntegral | F—2—d Vald g x|
bl/3 p/3

54 a7/3 b2/3

4 (71>2/3dSin[c - M] SlnIntegral[i*_l)M dX]

b1/3 b1/3
27 a%/3 pl/3
Result (type 4, 2929 leaves):
. CosIntegral[d x]
Sin[c] _
a3
al/3 al/3
( )2/3 (63 64 ( )1/3+62 (71>2/3) d? cos[ s ] CosIntegr‘al[d { s +x]] *
b b

b*/3 (b3 Cos[dx] -d (a3 + b3 x) Sin[d x])

(a1/3 + pl/3 X) 2

L. cat?d. al/3
d Sln[ } SlnIntegr‘al[d +X ] /
p1/3 pl/3
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(18 (-1+ <—1)1/3) (1+ (—1)1/3)3a7/3 b2/3) - [(-1)2/3 (64—62 (-1)*%+ 63 (—1)2/3)

_1> 2/3 J1/3 4

[dz Cos| (

<_1>2/3 al/3

b1/3

X[+

. | CosIntegral|d
b

pl/3 (b1/3 Cos[dx] -d ((71>2/3 al/3 4 pl/3 x) Sin[d x}) R [ <—1>2/3 al’3d
+d*Sin| ————

( <_1> 2/3 J1/3 , p1/3 x) 2 b1/3

]

(_1) 2/3 a1/3

SinIntegral|d s +x| ] / (18 (1+ (_1)1/3)3a7/3 b2/3) .
(_1)1/3 al’3d (_1>1/3 al’3 d
[(2—3 (-1)*%+2 (—1)2/3) COS[T] CosIntegr‘al[—Terx} +

(71>1/3 al/3 d (71>1/3 al’3 d
Sin [ —] SinIntegral [ — -d x}
pl/3 pl/3

/2 (2] ) -

(71> 1/3 a1/3 d

(-1)? (64-62 (-1)*?+ 63 (-1)*"] o

d“ Cos CosIntegral
2

b2/3 Cos[d x] + bl/3d ((-1)1/3 al/3 _pl/3 x) Sin[dx]
+ +
( (71> 1/3 J1/3 _ p1/3 X) 2

/

(18 (71+ (4)”3) (1+ (—1)1/3)3a7/3 b2/3) - {(1)2/3 (59—67 (-1)*3+63 (71)2/3)

d (_(1>1/3 G ]

b1/3

(71> 1/3 a1/3 d

b1/3

(71> 1/3 a1/3 d

d?sin|
b1/3

} SinIntegr‘al[ -d x]

1 1/3 1/3d
bt/3 | - Cos[dx] + Ld —CosIntegr‘al[—H—aerx}
pl/3 (_ (_1> 1/3 J1/3 | p1/3 X) b2/3 bl/3
1 1/3 1/3d 1 1/3 1/3d 1 1/3 1/3d
Sin[()—a] + Cos[H—a} SinIn‘cegr‘al[()—a -d X}J /
b1/3 b1/3 b1/3

(9 (1+ (—1)1/3)3a8/3) _ [(_1>2/3 (5 pl/3 _5 (_1>1/3 bl/3 .4 (_1)2/3 b1/3)

1/3 ¢4 al/’3d . al’3d . al’3d
(Cos[ s | CosIntegral| s +dx] +Sin| s | sinIntegral| s +dx}) /
((1+ (_1)1/3)2a3b1/3) _ [(59—67 (—1)1/3+63 <_1>2/3) p1/3 | _ Cos [d x] +L
b1/3 (a1 4+ b3 x)  b2/3
a1/3 d a1/3 d al/3 d a1/3 d

d (CosIntegr‘al[ . +dx] sin] y | - Cos| y | sinIntegral| .
b b b b

+dx})

|/
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(9 (71+ (71)1/3) (1+ (—1)1/3)3a8/3) N [(1)2/3 (2 bl/3 -2 (-1)¥3 b3 43 (-1)?/3 b1/3)

(71)2/3 al/3 d 71>2/3 al’3 d
— | CosIntegra
| CosIntegral|

b1/3 b1/3 +dX] *

(Cos[

<71> 2/3 a1/3 d

b1/3

(71>2/3 a1/3d
Sin [ ] SinIntegral [ T +d x}

/

(-1)%? (5962 - 67 (1) bV + 63 (-1)* b1

(1 (1)) 200 -

(71) 2/3 a1/3 d

b1/3

Cos[d x] 1 q
- +
pl/3 ((71>2/3 al/3 | pl/3 x) p2/3

CosIntegral| +dx]

_1)2/3 31734 _1)%/3 31/3 4 _1)2/3 31/3 ¢4
Sin[()—a] —COS[H—a} SinIntegr‘al[()—aerx} /
bl/3 pl/3 pl/3
SinInt 1(d
(9 (-2+ (-2)?) (2+ (—1)1/3)3a8/3) +Cospc] | 220N ej:a [dx] _
1/3 1/3 ¢4
(-1)23 (63764 (-1)% 4 62 <,1>2/3) [dz CosIntegral|d (21/3 +x| | Sin[f"bl/3 ]+

b*/3 (d (a/3+ b3 x) Cos[dx] + b3 Sin[dx])

(a1/3 + bl/3 X) 2

, al’3d, al/3
d Cos[ } SinIntegral [d + X ] /
pl/3 pl/3

(18 (71+ <71)1/3) (1+ (71)1/3)3a7/3 b2/3) - [(1)2/3 (64—62 (-1)*%+ 63 (71)2/3)

1 2/3 J1/3 1 2/3 1/3d
{dz CosIntegral|d [()a+x ]Sin[()—a +
bl/3 pl/3
bl/3 (d ((-1)%3al’3 +bl/3 x| Cos[dx] +bl/3Sin[dx] _1)2/3 3173 4
la((-2) ) ), g cos 172254,
((_1>2/3 al/3 4 pl/3 X)Z bl/3
-1 2/3 J1/3
SinIntegral|d [(Ll—/;ﬂ( ] / (18 (1+ (71)1/3)3a7/3 b2/3) +
(_1>1/3 al’3 d ] (_1>1/3 al’3 g
(2—3 (-1)*2+2 (—1)2/3) (IosIn'tegr‘al[——bl/3 +dx] Sln[—b1/3 ] -
e 1)1 e .
COS[T] SlnIntegral[T—dx} /((1+ (-1) ) a3) +
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1 1/3 J1/3

-d? CosIntegral|d
bl/3

(-1)23 (64—62 (-1)*%+ 63 (71>2/3)

(_1>1/3 al/3 g bl/3d ((71)1/3 al/3 _pl/3 x) Cos[dx] - b?/3Sin[dx]
Sin
in hl/3 . (<_1>1/3 al/3 _pl/3 X)2 '

/

(18 (-1+ <—1)”3) (1+ (—1)1/3)3a7/3 b2/3) - {(-1)2/3 (59—67 (-1)*%+ 63 (—1)2/3)

1 1/3 1/3d 1 1/3 1/3d
()—a} SinIn‘cegr‘al[(>—a

d? Cos |
b1/3 b1/3

-dx|

(_1> 1/3 a1/3 d

b1/3

Sin[dx] 1 q
+

pl/3 (7 (-1)23a1/3 4 p1/2 x) b2/3

b1/3 _

Cos [ ] CosIntegral [

_1)1/3 1/3 ¢4 _1)\1/3 1/3 ¢ _1)1/3 1/3 4
_()—a +dx] +Sin| (-1) ~a ] SinIn‘cegr‘al[(>—a

bl/3 bl/3 pl/3 —dX]

/

(9 (1+ (71>1/3)3a8/3) B [<1>2/3 (5 bl/3 _5 (71>1/3 b3 .4 (71)2/3 b1/3>

1/3 d . a1/3 d a1/3 d . a1/3 d
-CosIntegral| +dx] sin| + Cos | sinIntegral|
b1/3 b1/3 b1/3 b1/3

+dX]

/

(59—67 (-1)+63 <,1>z/3) b1/3 | Sin[dx] L1
bl/3 (a1/3+b1/3 X) p2/3
1/3 ¢4 al’3d al’3d al’3d

s | CosIntegral| s +dx] +Sin| s | sinIntegral| s

[(1 (1)) 200 -

Cos |

+dx})

(9 (-1+ (-1)1/3) (1+ (-1)1/3)3a8/3) N [(-1)2/3 (2 bt/3-2 (-1)2pt3 43 (-1)%? b1/3)

1 2/3 1/3d -1 2/3 1/3d
)" a +dx] Sin[—< )" a

bl/3 bl/3 } i

(—CosIntegr‘al{

<71> 2/3 a1/3 d

b1/3

(71> 2/3 a1/3 d

Cos|
b1/3

| sinIntegral| +dx]

/(s (o we).

Sin[dx]

pl/3 ( (_1) 2/3 41/3 | p1/3 x)

(-1)*° (59672 - 67 (1) bY2+ 63 (1) b??]

+

(71> 2/3 a1/3 d

b1/3

<71>2/3 a1/3 d

b1/3

<71>2/3 a1/3 d

b1/3

/o [ (22 fae (22 o)

1 .
?d Cos | | CosIntegral| +dx] +Sin|
b

(71> 2/3 a1/3 d

SinIntegr‘al[ s
b

+dX]
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Summary of Integration Test Results

113 integration problems

A - 68 optimal antiderivatives

B - 2 more than twice size of optimal antiderivatives
C - 25 unnecessarily complex antiderivatives

D - 18 unable tointegrate problems

E - Ointegration timeouts



